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Abstrat
Field quantization in 5D at and warped spae-times with Z2-parity is ompar-
atively examined. We arefully and losely derive 5D position/momentum(P/M)
propagators. Their harateristi behaviours depend on the 4D (real world) momen-
tum in relation to the boundary parameter (l) and the bulk urvature (ω). They also
depend on whether the 4D momentum is spae-like or time-like. Their behaviours
are graphially presented and the Z2 symmetry, the "brane" formation and the sin-
gularities are examined. It is shown that the use of absolute funtions is important
for properly treating the singular behaviour. The extra oordinate appears as a di-
reted one like the temperature. The δ(0) problem, whih is an important onsisteny
hek of the bulk-boundary system, is solved without the use of KK-expansion. The
relation between P/M propagator (a losed expression whih takes into aount all
KK-modes) and the KK-expansion-series propagator is laried. In this proess of
omparison, two views on the extra spae naturally ome up: orbifold piture and
interval (boundary) piture. Sturm-Liouville expansion ( a generalized Fourier expan-
sion ) is essential there. Both 5D at and warped quantum systems are formulated
by the Dira's bra and ket vetor formalism, whih shows the warped model an be
regarded as a deformation of the at one with the deformation parameter ω. We ex-
amine the meaning of the position-dependent ut-o proposed by Randall-Shwartz.
PACS: PACS NO: 04.50.+h, 11.10.Kk, 11.25.Mj, 12.10.-g 11.30.Er,
Keywords: position/momentum propagator, Sturm-Liouville, deformation, singularity,
Z2-parity, δ(0) problem, Randall-S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1 Introdution
Sine the disovery of the wall piture model of our spae-time in 1999 by Randall and
Sundrum[1, 2℄, eight years have passed. The model has surely brought a new tool to extend
the standard model in the partile physis and in the osmology. The mass hierarhy
between the Weak sale and the Plank sale an be introdued more naturally than any
other models before. The exponentially damping fator along the extra oordinate ause
the mass sale so rapidly damp that the widely-ranging mass sales in nature ould be
naturally explained. Although it is still regarded as one of promising andidates as a
beyond-standard model, some fundamental points below are not lear.
1. Stableness of the Randall-Sundrum(RS) model I
2. Renormalizability
3. Physial observables, BRS struture
The seond and third ones are ommon problems in the higher dimensional (eld the-
ory) models. At the beginning stage of the model, it may be allowed to disregard them
for the reason that it is an eetive theory whih should be derived from a more funda-
mental one suh as the string theory, D-brane theory and M-theory. Reently, however,
the above problems have gradually beome serious beause, inspired by the soon-oming
LHC experiment, we are ompelled to estimate the extra-dimensional eet in some phys-
ial quantities suh as the B-physis experiments data, the eletri dipole moment[3℄ and
the hadron spetrosopy[4℄. The problems ited above make these alulations have some
ambiguity.
A soure of (tehnial) diulty of higher-dimensional models is the summation of all
KK modes. In Ref.[5, 6, 7, 8℄, a new type propagator whih takes into aount all KK-
modes was used. In the paper by Randall-Shwartz[9℄, it was losely examined and was
alled position/momentum(P/M) propagator. It was applied to the β-funtion alulation
and the analysis of the uniation of oupling in GUTs. We fous on the P/M propagator
behavior and the relation to the familiar KK-expansion approah. In the analysis two kinds
of standpoints about the extra axis naturally appear. They were pointed out by Ho°ava
and Witten [10, 11℄ in the ontext of Calabi-Yau ompatiation of eleven-dimensional
supergravity and E8 × E8 heteroti string aairs. One is alled orbifold approah. We
regard the extra spae as S1/Z2 by requiring , in the real spae R, the periodiity and
Z2-parity symmetry. The other view is alled the interval approah. We simply regard the
extra spae a nite interval [0, l]. We will examine the two approahes omparatively.
Another diulty is the lak of the lear systemati treatment of singular funtions
whih have singularities at xed points. We must handle funtions involving δ(x) and ǫ(x)
in relation to the symmetry requirement. We have been worried by the onsisteny with
the eld equation. We will develop a new method using the absolute funtion.
P/M propagator approah also gives us some new treatment about the regularization
of divergenes in quantization. It has a oordinate (position parameter), instead of a
2
momentum, for the extra spae desription. In the original paper[9℄, the real world 4-
momentum integral is regularized by the extra-spae position-dependent uto. In fat the
regularization suessfully works in the Randall-Shwartz's paper and the nite β-funtion
of the gauge oupling is obtained. This kind of regularization had never been taken before
Ref.[9℄.
The ontent is organized as follows. We start by, in Se.2, the 5D massless salar
eld propagator on M× S1/Z2. It serves as the rm referene that is ompared later
with the warped ase. For the quantization of 5D spae-time, we introdue Dira's bra
and ket vetor formalism in Se.3. This is again the preparation for the quantization of
the 5D warped spae-time. In Se.4, P/M propagator is explained arefully taking the
simple model of Se.2. A systemati treatment of the extra oordinate, in relation to
the symmetrization of the P/M propagator, is explained. It is shown that, in Se.5, the
KK-expansion approah of Se.2 and the P/M propagator approah of Se.4 are related
by the Fourier expansion. In Se.6, the warped spae-time is treated using the eigen-
funtion expansion. Two alternative oordinates, y and z, are used. Through the Dira's
formalism analysis of the warped system, we see it is a deformation of the at system with
the deformation parameter (bulk urvature)ω. P/M propagator is obtained with muh
are for the Z2 symmetry and the singularity in Se.7. The z-oordinate is used there. In
Se.8, the relation between the eigen-funtion expansion approah (Se.6) and the P/M
propagator approah (Se.7) is laried using the Sturm-Liouville expansion. As the visual
output of the present analysis, we present the graphial display of the P/M propagators
in Se.9. We an learly see how the harateristi sales and Z2-symmetry appear, in
partiular, the distint propagator behaviours between the at and warped ases. The
δ(0)-problem, whih generally appear in the bulk-boundary system, is solved, in Se.10,
using the results obtained before. We onlude in Se.11. Three appendies are ready
to supplement the text. App.A explains the Sturm-Liouville expansion in relation to the
familiar Fourier expansion. In App.B, a general treatment of the propagator is given. In
App.C, we display the propagator graphs for various interesting ases: 1) at massless
salar with Z2-parity even, Neumann-Neumann boundary ondition (b..); 2) at massless
salar with Z2-parity odd, Dirihlet-Neumann b..; 3) z-representation, warped salar with
Z2-parity odd, Dirihlet-Dirihlet b.., spae-like; 4) warped massless vetor with Z2-parity
even, Neumann-Neumann b.., spae-like; 5) z-representation of 4); 6) warped massless
vetor with Z2-parity even, Neumann-Neumann b.., time-like.
2 5D propagator on at geometry M4 × S1/Z2
The simplest and most popular higher-dimensional model is 5D model with the irle as the
one extra spae-manifold. It began with the original ones by Kaluza[12℄ and Klein[13℄. The
bulk urvature vanishes, hene we all this model 'at model' in omparison with 'warped
model' later explained. We rst onsider the 5D massless salar, on S
1
/Z
2
, interating with
3
Figure 1: The extra spae R = (−∞,∞) in whih the propagator is periodially (period-
iity 2l) dened.
an external soure J(X).
S =
∫
d5X(−1
2
∂MΦ ∂
MΦ + JΦ) , (ηMN) = diag(−1, 1, 1, 1, 1) ,
(XM) = (xm, x5) ≡ (x, x5) , M,N = 0, 1, 2, 3, 5; m,n = 0, 1, 2, 3. (1)
The eld Φ and the soure J have the properties:
(1) Periodiity Φ(x, x5) = Φ(x, x5 + 2l) , J(x, x5) = J(x, x5 + 2l) ,
(2) Z2-property (5D parity) Φ(x, x
5) = PΦ(x,−x5) , J(x, x5) = PJ(x,−x5) , (2)
where P=−1 (odd) or +1 (even). The above hoie omes from the requirement that
the 5D theory (1) is Z2-invariant. The extra spae manifold is shown in Fig.1. From the
periodiity, we an express as
Φ(x, x5) =
∑
n∈Z
φn(x)e
inpi
l
x5 , (3)
where Z is the set of all integers. This is the Kaluza-Klein (KK) expansion. The Z2-
property (2) requires the above oeients to be
φn(x) = ∓φ−n(x) for P = ∓ . (4)
The plural signs P = ∓ used in the paper mean that the upper sign ase (lower sign ase)
orresponds to that of another quantities.
In partiular, φ0 = 0 for the odd ase (P = −1). 1 Then we obtain
Φ(x, x5) =
{
2i
∑∞
n=1 φn(x) sin(
npi
l
x5), P = −1
φ0(x) + 2
∑∞
n=1 φn(x) cos(
npi
l
x5), P = +1
. (5)
The odd and even funtions w.r.t. x5 appear for P = −1 ase and for P = 1 ase
respetively. Similarly for J(x).
J(x, x5) =
{
2i
∑∞
n=1 jn(x) sin(
npi
l
x5), P = −1
j0(x) + 2
∑∞
n=1 jn(x) cos(
npi
l
x5), P = +1
. (6)
1
There is no zero mode for the odd parity. This fat will be utilized in some plaes later.
4
Using the orthogonality relations:∫ l
−l
dx5 sin(
mπ
l
x5) sin(
nπ
l
x5) =


0 m 6= n
l m = n( 6= 0)
0 m = n = 0
,
∫ l
−l
dx5 cos(
mπ
l
x5) cos(
nπ
l
x5) =


0 m 6= n
l m = n( 6= 0)
2l m = n = 0
, (7)
the equation (6) is "inverted" w.r.t. jn.
P = −1 , jn(x) = 1
2il
∫ l
−l
dx5 J(x, x5) sin(
nπ
l
x5) , n = 1, 2, 3, · · · (8)
P = +1 , jn(x) =
1
2l
∫ l
−l
dx5 J(x, x5) cos(
nπ
l
x5) , n = 0, 1, 2, 3, · · · (9)
With above properties purely from the boundary onditions, let us solve the 5D eld
equation of (1).
∂M∂
MΦ(X) = −J(X) . (10)
Inserting (5) and (6), we obtain the 4D Klein-Gordon equation for the n-th Kaluza-Klein
mode.
{∂m∂m − (nπ
l
)2}φn(x) = −jn(x) ,
{
n = 1, 2, · · · P = −1
n = 0, 1, 2, · · · P = 1 , (11)
where ∂M∂
M = ∂m∂
m + ∂5∂5 ((η
mn) = diag(−1, 1, 1, 1)) is used. 2 We note the massless
mode appears for the even ase (P=1) and does not for the odd ase (P=-1). φn(x) an
be solved by the Feynman propagator.
φn(x) =
∫
d4y ∆nF (x− y)jn(y) ,
{∂m∂m − (nπ
l
)2}∆nF (x− y) = −δ4(x− y) , ∆nF (x) =
∫
d4k
(2π)4
e−ikx
k2 + (npi
l
)2 − iǫ , (12)
where k2 = kmk
m = −(k0)2 + (k1)2 + (k2)2 + (k3)2. Using (5), (12) and (9), we nally
obtain
Φ(X) =
∫
d4y
∫ l
−l
dy5∆F (X, Y )J(Y ) , (X
M) = (xm, x5), (Y M) = (ym, y5),
∆F (X, Y ) =
1
2l
∑
n∈Z
∆nF (x− y)
1
2
(e−i
npi
l
(x5−y5) + P e−i
npi
l
(x5+y5))
=
∫
d5K
e−ik(x−y)
k2 + (k5)2 − iǫ
1
2
(e−ik
5(x5−y5) + P e−ik
5(x5+y5)) , (13)
2
The set of eigenvalues {npi/l|n = 1, 2, 3, · · · } for P = −1 and {npi/l|n = 0, 1, 2, · · · } for P = 1, are the
same exept the zero mode. They are equally spaed. This is ontrasting with the warped ase appeared
later (61).
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where
∫
d5K ≡ 1
2l
∑
k5
∫
d4k
(2pi)4
, {k5} ≡ {npi
l
|n ∈ Z}. Later we will ome bak here to onrm
a result obtained by the new approah is orret.
3
5D propagator ∆F (X, Y ) satises
∂M∂
M∆F (X, Y ) = −1
2
(δ5(X − Y ) + Pδ5(X − Y˜ )) , (14)
where (Y ) = (ym, y5), (Y˜ ) = (ym,−y5) and δˆ(x5 ∓ y5) ≡ 1
2l
∑
n∈Z exp{−inpil (x5 ∓ y5)} is
the periodi delta funtion with the periodiity 2l.
3 Dira's bra and ket vetor formalism
P.A.M. Dira[14℄ introdued "bra and ket vetor formalism" to formulate the quantum
theory in the abstrat way. The formalism learly presents the authogonality and the
ompleteness relation between quantum states. In the ompleteness relation, Dira's delta
funtion generally appears. It is a singular funtion whih should be properly treated.
We show the 5D quantum eld theory on Z2-orbifold (at ase and warped ase) an be
naturally expressed in this formalism.
We introdue bra-vetors < K|, < X|, and ket-vetors |K >, |X >, in the Hilbert spae
of (abstrat) quantum states labeled by 5D momentum K and by 5D oordinate X .
e
iK·X = exp{ikm · xm + ik5x5} ≡< K|X > ,
e
−iK·X = exp{−ikm · xm − ik5x5} ≡< X|K > ,
< K|X >∗ = < X|K > , (15)
where (KM) = (km, k5 =
npi
l
), (XM) = (xm, x5), (ηMN) = diag(−1, 1, 1, 1, 1) and the
symbol "
∗
" means the omplex onjugate operation. From the ompleteness property of
eikx, we know ∫
d4k
(2π)4
1
2l
∑
k5
< X|K >< K|Y >≡
∫
d5K < X|K >< K|Y >
= δ4(x− y)δˆ(x5 − y5) ≡ δ5(X − Y ) , (16)∫
d4x
(2π)4
1
2l
∫ l
−l
dx5 < K|X >< X|P >≡ 1
2l
∫
d5X < K|X >< X|P >
= δ4(k − p)δk5p5 ≡
1
2l
δ5(K − P ) , (17)
where δˆ(x5 − y5) ≡ 1
2l
∑
n∈Z exp{−inpil (x5 − y5)} and δˆ(k5 − p5) ≡ 2lδk5p5 are used. We
require the orthogonality between the oordinate states |X >, and the momentum states
|K >.
< X|Y >= δ5(X − Y ) , < K|P >= δ5(K − P ) , (18)
3
Note that the arguments in ∆F should not be X − Y , beause P-part is the funtion of x5 + y5, not
of x5 − y5.
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then the ompleteness,∫
d5K|K >< K| = 1 ,
∫
d5X|X >< X| = 1 , (19)
is dedued.
The 5D at propagator ∆F (X, Y ) of the previous setion an be expressed as
∆F (X, Y ) =
1
2l
∑
n∈Z
∫
d4k
(2π)4
e−ik(x−y)
k2 + (npi
l
)2 − iǫ ×
1
2
(e−i
npi
l
(x5−y5) + P e−i
npi
l
(x5+y5))
=
∫
d5K
1
K2 − iǫ
1
2
(e−iK(X−Y ) + P e−iK(X−Y˜ )) , (20)
where Y˜ M ≡ (ym,−y5). This an be further expressed as
∆F (X, Y ) =
1
2
∫
d5K
< X|K >< K|Y > +P < X|K >< K|Y˜ >
K2 − iǫ
=
1
2
< X|
∫
d5K
|K >< K|
K2 − iǫ |Y > +
1
2
P < X|
∫
d5K
|K >< K|
K2 − iǫ |Y˜ > . (21)
Note that Z2 parity property is naturally presented by the Z2-parity hanged states |Y˜ >.
From the relation ∂M∂
M∆F (X, y) = −12{δ5(X − Y ) + Pδ5(X − Y˜ )}, we an see the on-
sisteny with (15).
∂M∂
M < X|K >= −K2 < X|K > . (22)
We will see, in Se.6, this formalism holds true also for the warped ase.
4 Position/Momentum Propagator Approah
Let us do the previous analysis in the way free from the eigen-mode expansion.
4.1 P/M propagator Approah
Although the extra oordinates are not observed at present, the oordinates ould be
dierent from others as its role in the quantum eld theory (QFT). The treatment of Se.2
and Se.3 is just the 5 dimensional generalization of the ordinary (4 dimensional) QFT. We
have treated there the extra oordinate on the equal footing with others. We introdue, in
this setion, the new approah to the propagator where the extra oordinate is dierently
treated with others.
We start from eq.(10).
∂M∂
MΦ(X) = −J(X) . (23)
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Figure 2: The interval [−l, l] in whih the propagator is dened
As for the region of the extra-oordinate and the boundary on Φ, we take dierent ones.
The extra spae is the interval
4
[-l,l℄, and Z2 symmetry only is imposed.
5
(Note that we
do not onsider the periodiity in this setion.) We take odd one, P=−1, for the expliit
presentation.
Z2-property (5D parity) Φ(x, x
5) = −Φ(x,−x5) , J(x, x5) = −J(x,−x5) , (24)
The extra spae manifold is shown in Fig.2. We will take into aount the extension to
R={ −∞ < x5 <∞} and the periodiity later(Se.5). In order to solve (23) we dene the
5D propagator ∆(X,X ′) as follows.
Φ(X) =
∫
d5X ′∆(X,X ′)J(X ′) ,
∂M∂
M∆(X,X ′) = ∂M
′∂M
′
∆(X,X ′) = −1
2
(δ5(X −X ′) + Pδ5(X − X˜ ′)) , P = −1 ,(25)
where (X˜) ≡ (xm,−x5) and ∆(X,X ′) is dened in the symmetri way w.r.t. X ↔ X ′.
Now we introdue the position/momentum propagator Gp(y ≡ x5, y′ ≡ x5′) as follows.
∆(X,X ′) ≡
∫
d4p
(2π)4
eip(x−x
′)Gp(y, y
′) ,
(−p2 + ∂
2
∂y2
)Gp(y, y
′) = (−p2 + ∂
2
∂y′2
)Gp(y, y
′) = −1
2
(δ(y − y′) + Pδ(y + y′)) , P = −1 ,
p2 ≡ pmpm .(26)
The symmetries of the dening equation of Gp(y, y
′) above are
Sym(A) y ↔ y′
Sym(B) y → −y and y′ → −y′ , P = (−1)× (−1) = 1
Sym(C) y → −y , P = −1
Sym(C') y′ → −y′ , P = −1
4
nite real region
5
The approah of Se.2 is alled "orbifold piture" or "up-stairs piture", while that of this setion
"interval (boundary) piture" or "down-stairs piture". [10, 11℄ For the reent disussion on the super-
symmetri ase, see Ref.[15, 16℄
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Figure 3: 8 regions
Corresponding to the spei hoie of Z2-parity, P=-1 in (24), we must take the Dirih-
let boundary ondition (b..) at x
5
=0. We also take the same one at x
5
=l.
6
Gp(y = 0, y
′) = 0 , Gp(y, y
′ = l) = 0 for 0 ≤ y < y′ ≤ l ,
Gp(y, y
′ = 0) = 0 , Gp(y = l, y
′) = 0 for 0 ≤ y′ < y ≤ l . (27)
The orresponding onditions for others (y, y′ = −l) are assumed in the same way. (When
we take the even ase of Z2-parity in (24), the Neumann b.. is imposed at x
5
=0. See
App.C.1.).
We onsider rst the ase p2 > 0, that is, pm is the spae-like 4-momentum.
We divide the whole region into 8 ones R1, R2, R
′
1, R
′
2, R¯1, R¯2, R¯
′
1 and R¯
′
2 as in Fig.3.
Step 1.Region R1 and R2
We start by solving (26) for the region 0 ≤ y, y′ ≤ l.
(i)y 6= y′ .
In this ase the equation (26) redues to the homogeneous one.
(−p˜2 + ∂
2
∂y2
)Gp(y, y
′) = (−p˜2 + ∂
2
∂y′2
)Gp(y, y
′) = 0 , p˜ ≡
√
p2 . (28)
The general solution is given by
Kp(y, y
′) = A(y′) cosh p˜y +B(y′) sinh p˜y = C(y) cosh p˜(y′ − l) +D(y) sinh p˜(y′ − l) , (29)
6
We may take the Neumann b.. at x5 = l. This hoie is exluded in the ase of Se.2 (up-stairs
piture), beause the periodiity and the ontinuity requires the vanishing of the funtion at x5 = l. See
App.C.2 for this ase.
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where A(y′), B(y′), C(y) and D(y) are to be xed by the boundary onditions. We take
the solution as
Gp(y, y
′) = Kp(y, y
′) = A(y′) cosh p˜y +B(y′) sinh p˜y for R1 : 0 ≤ y < y′ ≤ l
Gp(y, y
′) = Kp(y
′, y) = C(y′) cosh p˜(y − l) +D(y′) sinh p˜(y − l) for R2 : 0 ≤ y′ < y ≤ l ,(30)
where we have used the sym(A) of (26). Note that the lower equation is the y ↔ y′
exhanged one of the upper equation. This will be utilized in the inhomogeneous ase
below. Applying the b.. (27) to the above result, we see
A(y′) = 0 , C(y) = 0 , (31)
in (29).
(ii) |y − y′| < +0
We must take into aout the inhomogeous term, the singularity
1
2
δ(y − y′) in (26). To do
it, we note the following fat. The absolute-value funtion
1
2
|y − y′| satises the following
relation.
v(y, y′) ≡ 1
2
|y − y′| =
{
1
2
(y′ − y) for y < y′
1
2
(y − y′) = y ↔ y′ in the above for y > y′ ,
−∂v(y, y
′)
∂y
= +
∂v(y, y′)
∂y′
=
1
2
ǫ(y′ − y) ≡


+1
2
for y < y′
0 for y = y′
−1
2
for y > y′
,
∂2
∂y2
v(y, y′) =
∂2
∂y′2
v(y, y′) =
1
2
∂
∂y′
ǫ(y′ − y) = −1
2
∂
∂y
ǫ(y′ − y) = δ(y − y′) ,
∂2
∂y∂y′
v(y, y′) = −δ(y − y′) , (32)
where ǫ(y) is the sign funtion. With the above relations and Sym(A) , we take the
following b...
Jump Condition:
[
−∂Gp(y, y
′)
∂y
+
∂Gp(y, y
′)
∂y′
]∣∣∣∣
y′→y+0
=
1
2
for y < y′ . (33)
(This b.., in ombined with the y ↔ y′ exhanged denition for y′ < y in (30), simply
demands Gp(y, y
′) ∼ +1
4
|y − y′| = 1
2
v(y, y′) for |y − y′| ≪ 1. ) This ondition and the
ontinuity of the 2nd and 3rd equation of (29) at y = y′ x the remainig two funtions B
and D. 7 Finally we get
B(y′) =
sinh p˜(y′ − l)
2p˜ sinh p˜l
, D(y) =
sinh p˜y
2p˜ sinh p˜l
,
Gp(y, y
′) =
{
1
2
sinh p˜y sinh p˜(y′ − l)/p˜ sinh p˜l ≡ K¯p(y, y′) for 0 ≤ y < y′ ≤ l
1
2
sinh p˜(y − l) sinh p˜y′/p˜ sinh p˜l ≡ K¯p(y′, y) for 0 ≤ y′ < y ≤ l (34)
7
Putting y = y′ in (29), the ontinuity ondition leads to B(y) sinh p˜y = D(y) sinh p˜(y − l). As for the
Jump ondition (33), twoGp(y, y
′)'s appear in the left hand side. We take B(y′) sinh p˜y as the rstGp(y, y
′)
and D(y) sinh p˜(y′ − l) as the seond Gp(y, y′). Then it leads to −B(y)p˜ cosh p˜y+D(y)p˜ cosh p˜(y− l) = 1.
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We an view the result of Step 1 as follows. The solution for Region R1 (0 ≤ y < y′ ≤ l)
an be expressed as
K¯p(y, y
′) = sinh p˜y sinh p˜(y′ − l)/2p˜ sinh p˜l
=
1
4p˜ sinh p˜l
[{cosh p˜(y′ + y)− cosh p˜(y′ − y)} cosh p˜l
+{− sinh p˜(y′ + y) + sinh p˜(y′ − y)} sinh p˜l] . (35)
As for the Region R2, the solution is given by K¯p(y
′, y), whih is given by hanging
sinh p˜(y′− y) in (35) by sinh p˜(−y′+ y). In the ombined region R1 and R2, this hange is
equivelent to hange sinh p˜(y′ − y) by sinh p˜|y′ − y|. This proedure of taking the absolute
value of (y′ − y), at the same time, makes the solution have the singularity δ(y − y′) and
satisfy the inhomogeneous equation. (See eq.(32))
Here we stress the requirement of the exhange symmetry (A) and the Z2 symmetry,
with the Jump Condition (33), demand the delta-funtion soure at the xed point(s).
We should ompare this with the situation of the KK-expansion approah in Se.2 and
3, where the singularity δ(y − y′) omes from the ompleteness of the eigen funtions
δˆ(y−y′) ≡ 1
2l
∑
n∈Z exp{−inpil (y−y′)}. ( This situation is represented in the mathematial
relation (37) derived below.)
Step 2.Extension to Region R
′
1 and R
′
2
Here we extend the solution to Regions R
′
1 and R
′
2. We make use of the symmetry Sym(B).
In order to make the solution (35)have the symmetry Sym(B), we must take the absolute
value of (y′ + y) in − sinh p˜(y′ + y) besides (y′ − y) in sinh p˜(y′ − y).
Gp(y, y
′) =
1
4p˜ sinh p˜l
[{cosh p˜|y′ + y| − cosh p˜|y′ − y|} cosh p˜l
+{− sinh p˜|y′ + y|+ sinh p˜|y′ − y|} sinh p˜l]
=
1
4p˜ sinh p˜l
{cosh p˜(|y′ + y| − l)− cosh p˜(|y′ − y| − l)} . (36)
This expression is valid for R′1 and R
′
2 besides for R1 and R2.
Taking the limit p˜→ +0 in the above and (13), we obtain an interesting formula.
∑
n∈Z,n 6=0
1
(npi
l
)2
sin
nπ
l
y sin
nπ
l
y′ =
1
8l
{(|y′ + y| − l)2 − (|y′ − y| − l)2} . (37)
In this P = −1 ase, we an take the limit p˜→ +0 whih means there is no massless mode.
Step 3.Extension to Region R¯1, R¯2 R¯
′
1 and R¯
′
2
The solution (36) have the symmetries: Sym(C) (y → −y) and Sym(C') (y′ → −y′) with
P=-1 property. These allow us to use (36) in all regions.
The appearane |y′ + y| in (36) makes the solution have the singularity δ(y + y′) and
satisfy the inhomogenous equation.
We notie, in this 5D propagator treatment, the extra oordinate behaves as a direted
axis like the temperature. This is beause the whole regions of (y,y′)-plane redues to the
11
fundamental region R1(0 ≤ y < y′ ≤ l). The property omes from the requirement of Z2
symmetry (and the singularity at y = ±y′). Wave propagation in the ontinuum medium
with the delta-funtion soures have a xed diretion in order to satisfy Z2 symmetry.
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For the time-like 4-momentum ase, p2 < 0, the solution is obtained in the same way
and is given by
Gp(y, y
′) = − 1
4pˆ sin pˆl
[{cos pˆ|y′ + y| − cos pˆ|y′ − y|} cos pˆl
+{sin pˆ|y′ + y| − sin pˆ|y′ − y|} sin pˆl] ,
= − 1
4pˆ sin pˆl
{cos pˆ(|y′ + y| − l)− cos pˆ(|y′ − y| − l)} , (38)
where pˆ =
√
−p2.
Later, in Se.9.1, we will show the graphs of (36) and of (38) and examine their be-
haviour.
4.2 Systemati treatment of symmetries of Gp(y, y
′)
The dening equation of Gp(y, y
′), (26), has the symmetries Sym(A),(B),(C) and (C').
The fundamental region is R1, and the solution in other regions an be expressed by some
hange of arguments y, y′ in the P/M propagator in the fundamental region, K¯p(y, y
′).
In the previous subsetion, we have done the proedure of taking the absolute value of
y′ − y for the singularity δ(y′ − y) and of y′ + y for δ(y′ + y). This proedure says that
the P/M propagator valid in all regions an be obtained by hanging arguments y, y′ in
K¯p(y, y
′), whih is the P/M propagator dened in the fundamental region R1 and has no
absolute-value quantities , in the following way.
9
y =
1
2
(y + y′)− 1
2
(y′ − y)→ Y (y, y′) = 1
2
|y + y′| − 1
2
|y′ − y| =


y for R1, R¯1
−y′ for R¯2, R′2
−y for R′1, R¯′1
y′ for R¯′2, R2
y′ =
1
2
(y + y′) +
1
2
(y′ − y)→ Y ′(y, y′) = 1
2
|y + y′|+ 1
2
|y′ − y| =


y′ for R1, R¯1
−y for R¯2, R′2
−y′ for R′1, R¯′1
y for R¯′2, R2
(39)
Hene P/M propagator has the following form, for the spae-like 4D momentum ase, in
eah region.
K¯p(y, y
′) = sinh p˜y sinh p˜(y
′−l)
2p˜ sinh p˜l
for R1 and R¯1 ,
K¯p(−y′,−y) = sinh p˜y
′ sinh p˜(y+l)
2p˜ sinh p˜l
for R¯2 and R
′
2 ,
K¯p(−y,−y′) = sinh p˜y sinh p˜(y
′+l)
2p˜ sinh p˜l
for R′1 and R¯
′
1 ,
K¯p(y
′, y) = sinh p˜y
′ sinh p˜(y−l)
2p˜ sinh p˜l
for R¯′2 and R2 .
(40)
8
Similar situation is stressed in the analysis of the fermion hiral determinant.[17℄
9
This substitution is useful partiularly in the warped ase. See Se.7, (98).
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Figure 4: Arguments Arrangement for Propagators in 8 regions. The expliit expressions
are given in (40).
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In Fig.4, the arrangement of above propagators is shown. We surely see the symmetries
(A),(B),(C) and (C') are satised. Using the new variables Y (y, y′), Y ′(y, y′) , the solution
(36) (spae-like momentum ase) is equivalently expressed as
Gp(y, y
′) = K¯p(Y (y, y
′), Y ′(y, y′)) , (41)
where K¯p is given in (35). For the time-like ase, K¯p is given by K¯p(Y, Y
′) = sin pˆY sin pˆ(Y
′−l)
2pˆ sin pˆl
, pˆ =√
−p2.
As for the periodi property and the extension to −∞ < y < ∞, we examine in the
next setion.
We have given the P/M propagator in the at 5D salar theory (with P = −1) in the
two ways: (1) eq.(36) or eq.(38) (ompatly by (41)) where absolute funtions appear, and
this expression is valid for all regions; (2) eq.(40) where no absolute-value funtion appears
and the arguments within K¯p hange depending on eah region. Both ways are important.
The rst way is indispensable for analyzing the propagator at singular points. Pratially
it is neessary to draw a graph whih has singular behaviour, while the seond one stresses
the importane of Z2-symmetry. (See the δ(0)-problem in Se.10.)
5 KK-expansion approah versus P/M propagator ap-
proah
We have examined the same propagator equation (14) and (25) in two approahes. One
is utilizing the expansion with the eigen funtions (KK-modes) of exp(inpi
l
x5). The other
13
makes use of the P/M propagator Gp(y, y
′) in (26). In the former, the extra spae is
R=(−∞ < x5 <∞) and the periodi b.. and Z2 symmetry are imposed. The 4D spae-
time propagator is Feynman's. Ths is the orbifold approah. In the latter ase, the extra
spae is the interval [−l, l]. Z2 symmetry only is imposed. This is the interval approah.
We now onnet the two results.
The P/M propagator for 0 ≤ y < y′ ≤ l (Region R1)is given by
K¯p(y, y
′) ={
sinh p˜y sinh p˜(y′−l)
2p˜ sinh p˜l
= 1
4p˜ sinh p˜l
{cosh p˜(y′ + y − l)− cosh p˜(y′ − y − l)} , p˜ =
√
p2 for p2 > 0
sin pˆy sin pˆ(y′−l)
2pˆ sin pˆl
= 1
4pˆ sin pˆl
{− cos pˆ(y′ + y − l) + cos pˆ(y − y′ + l)} , pˆ =
√
−p2 for p2 < 0 (42)
Using the Fourier expansion formulae,
π
2a
cosh a(π − x)
sinh aπ
=
1
2a2
+
∞∑
n=1
cosnx
n2 + a2
, 0 ≤ x ≤ 2π, a : arbitrary onstant.
π
2a
cos ax
sin aπ
=
1
2a2
+
∞∑
n=1
(−1)n−1 cosnx
n2 − a2 , −π ≤ x ≤ π, a : non-integer arbitrary onstant.(43)
we obtain
K¯p(y, y
′) =
{ −1
l
∑∞
n=1
1
p˜2+(npi
l
)2
sin npi
l
y sin npi
l
y′ for p2 > 0
1
l
∑∞
n=1
1
pˆ2−(npi
l
)2
sin npi
l
y sin npi
l
y′ for p2 < 0
(44)
This propagator satises the all symmetries (A),(B),(C) and (C') and is periodi (y →
y + 2l), hene we may take it as the propagator valid for y, y′ ∈R where R=(−∞,∞).
The last proedure is taking the universal overing of S1. Both the spae-like ase and the
time-like ase are just the result (13) with P = −1.
We reemphasize the following points. In the periodi approah of Se.2, the delta
funtion singularity omes from the ompleteness of the eigen-funtions einpiy/l. In the
interval approah of Se.4, the singularity omes from the exhange symmetry (A) and Z2-
symmetry (, that is, taking the absolute values of (y ∓ y′)). The position spae treatment
gives the intimate relation between the wave propagation with symmetries and its soure
(singularity).
6 5D QFT on warped geometry AdS5
Let us onsider the warped ase. The spae-time is AdS5 manifold.
ds2 = e−2σ(y)ηabdx
adxb + dy2 , −∞ < y <∞ ,
(ηab) = diag(−1, 1, 1, 1) , σ(y) = ω|y| , ω > 0 (45)
The manifold has the negative osmologial onstant and is maximally symmetri with the
urvature ω. In the limit ω → 0, the line element (45) goes to the at one of Se.2. We
an onsider the symmetries.
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Figure 5: Relation between oordinates z and y
(1) Periodiity y → y + 2l
(2) Z2-property y ↔ −y, P = ± 1
as in Se.2. When the periodiity ondition (1) is assumed, |y| in (45) is the periodi
absolute-linear funtion[18℄. Instead of y-oordinate, another one z, dened below, is also
important.
z =


1
ω
eωy for y > 0
0 for y = 0
− 1
ω
e−ωy for y < 0
= ǫ(y)
eω|y|
ω
(46)
See Fig.5.
In terms of z, the metri an be expressed as
ds2 =
1
ω2z2
(ηabdx
adxb + (dz)2) , z >
1
ω
or z < − 1
ω
,
dz
ωz
=
{
dy for y > 0
−dy for y < 0 (47)
(− 1
ω
, 0)U(0, 1
ω
) is the 'prohibited' region whose values the z-oordinate annot take. This
metri is onformal at.
The advantage of the hoie (46) is as follows: (a) z is the monotonously inreasing
funtion of y; (b) one-to-one ; () the Z2 symmetry is expressed in the same way as y.
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(2') Z2-property z ↔ −z, P = ± 1
The periodiity is expressed as
(1') Periodiity y → y + 2l
z → ze2ωl(> 0) for z > 1
ω
z = 0→ z = e2ωl
ω
= ω
T 2
for z = 0
z(< 0)→ −ze2ωl(> 0) for − ω
T 2
= − e2ωl
ω
< z < − 1
ω
z = − e2ωl
ω
= − ω
T 2
→ z = 0 for z = − e2ωl
ω
= − ω
T 2
z → ze−2ωl(< 0) for z < − e2ωl
ω
= − ω
T 2
The translation in y-oordinate is the sale transformation in z-oordinate. In the onfor-
mal oordinate (47), we an not obtain the at limit simply by ω → 0.
We take 5D massive salar theory as a simple example. The Lagrangian and the eld
equation is written as
L = √−G(−1
2
∇AΦ∇AΦ− 1
2
m2Φ2 + JΦ) , G ≡ detGAB ,
ds2 = GABdX
AdXB , ∇A∇AΦ−m2Φ + J = 0 , (48)
where Φ(X) = Φ(xa, z) is the 5D salar eld and J(X) = J(xa, z) is the external soure
eld. The bakground geometry is AdS5 whih takes the following form, in terms of z,
(GAB) =
(
1
ω2z2
ηab 0
0 1
ω2z2
)
,
√−G = 1
(ω|z|)5
− 1
T
≤ z ≤ − 1
ω
or
1
ω
≤ z ≤ 1
T
(−l ≤ y ≤ l) , 1
T
≡ 1
ω
eωl , (49)
where, at present, we take into aount only Z2 symmetry in the interval y ∈ [−l, l]. Later
we will disuss the periodiity ondition. The eld equation (48) leads to
ω2z2∂a∂
aΦ + (ωz)5∂z(
1
(ωz)3
∂zΦ)−m2Φ + J = 0 , (50)
whih is Z2-symmetri. We an onsider two ases:
Φ(x, z) = PΦ(x,−z) , J(x, z) = PJ(x,−z) ,
P = +1 (even) , P = −1 (odd) , (51)
Let us rst solve the above equation by the KK-expansion method as in Se.2.
Φ(xa, z) =
∑
n
φn(x)ψn(z) , J(x
a, z) =
∑
n
jn(x)ψn(z) , ψn(z) = Pψn(−z) , P = ∓1 ,(52)
where ψn(z) is the eigen-funtions of the Bessel dierential equation. The variable region
of z is the intervals dened in (49).
(ωz)3∂z(
1
(ωz)3
∂zψn)− m
2
(ωz)2
ψn = −M2nψn
(
∫ − 1
ω
− 1
T
+
∫ 1
T
1
ω
)
dz
(ω|z|)3ψn(z)ψk(z) = 2
∫ 1
T
1
ω
dz
(ωz)3
ψn(z)ψk(z) = δnk , (53)
16
where Mn is the eigenvalues to be determined by the b... The above equation is obtained
by the requirement that the 4D eld φn(x), jn(x) in (52) satisfy the ordinary massive
salar eld equation.
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∂a∂
aφn −M2nφn + jn = 0 . (54)
From eq.(52), ψn(z) are odd or even funtions of z. z varies in −1/T ≤ z ≤ −1/ω and
1/ω ≤ z ≤ 1/T . Hene instead of ordinary Bessel funtions (Jν(z),Nν) where z > 0, it is
better to introdue odd or even Bessel funtions where the argument z is valid even for the
negative region of z. 11 It an be done as follows beause the Bessel equation is invariant
for Z2 symmetry: z → −z.
J˜ν(z) ≡ ǫ(z)Jν(|z|) N˜ν(z) ≡ ǫ(z)Nν(|z|) for P=− 1
Jˆν(z) ≡ Jν(|z|) Nˆν(z) ≡ Nν(|z|) for P=1 (55)
where ǫ(z) is the sign funtion introdued in(32). 12 Taking the ase P=−1, eq.(53) has
two "intermediate" solutions.
ϕ(1/ω)(z) =
(ωz)2
N (1/ω)
[
J˜ν(Mz) + bν(M)N˜ν(Mz)
]
, (56)
ϕ(1/T )(z) =
(ωz)2
N (1/T )
[
J˜ν(Mz) + bν(ωM/T )N˜ν(Mz)
]
, (57)
where N (1/ω) and N (1/T ) are some normalization onstants to be determined. Similarly for
the ase P=1. bν is given by
bν(t) ≡
{ −Jν(t/ω)/Nν(t/ω), for P = −1,
−J′ν(t/ω)/N′ν(t/ω), for P = 1, (58)
and
ν =
√
4 +
m2
ω2
. (59)
These solutions ϕ(1/ω)(z) and ϕ(1/T )(z) satisfy the following boundary onditions at z = 1
ω
and
1
T
, respetively.
Dirihlet b.. ϕ(1/ω)(z)|z=1/ω = 0 ϕ(1/T )(z)|z=1/T = 0 for P = −1
Neumann b..
d
dz
ϕ(1/ω)(z)
∣∣
z=1/ω
= 0 d
dz
ϕ(1/T )(z)
∣∣
z=1/T
= 0 for P = 1
(60)
10
Note that we assume here the "4D part" satisfy Mn
2 ≥ 0. If Mn2 < 0, the modied Bessel funtions,
instead of the Bessel funtions, appear in the following sentenes.
11
The Bessel equation
d2ψ
dz2
+ 1
z
dψ
dz
+ (1− ν2
z2
)ψ = 0 has two independet solutions: Bessel funtion of the
rst kind Jν(z) and that of the seond kind (Neumann funtion)Nν(z).
12
The odd or even Bessel funtions (55) satisfy (53) as far as z is in the variable region−1/T ≤ z ≤ −1/ω
or 1/ω ≤ z ≤ 1/T .
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The "nal" solution whih satises the b.. both at z = 1/ω and z = 1/T is obtained by
the ondition that these two solutions are not independent.
bν(Mn) = bν(ωMn/T ) ≡ b(n)ν ,
Jν(
Mn
ω
)
Nν(
Mn
ω
)
=
Jν(
Mn
T
)
Nν(
Mn
T
)
, for P = −1,
J
′
ν(
Mn
ω
)
N
′
ν(
Mn
ω
)
=
J
′
ν(
Mn
T
)
N
′
ν(
Mn
T
)
, for P = 1,
(61)
whih makes them identied,
ϕ(1/ω)(z)
∣∣
M=Mn
= ϕ(1/T )(z)
∣∣
M=Mn
≡ ψn(z), (62)
and determines the eigenvalues Mn. The normalization onstants are then expressed as
N (1/ω)2n = N
(1/T )2
n =
∫ 1/T
1/ω
ωzdz
[
Jν(Mnz) + b
(n)
ν Nν(Mnz)
]2 ≡ N2n. (63)
The solution of (54) is given by
φn(x) =
∫
∆nF (x− x′)jn(x′)d4x′ , ∆nF (x− x′) =
∫
d4k
(2π)4
e−ik(x−x
′)
k2 +M2n − iǫ
,
(∂a∂
a −M2n)∆nF (x− x′) = −δ4(x− x′) . (64)
5D propagator an be expeted to be
13
, in the analogy of Se.2's result (13),
Φ(X) =
∫
d5X ′∆W (X,X
′)
√−G′J(X ′) ,
∆W (X,X
′) ≡
∑
n
∆nF (x− x′)×
1
2
{ψn(z)ψn(z′) + Pψn(z)ψn(z˜′)} , z˜′ ≡ −z′ . (65)
In fat we an onrm the following propagator equation.
(∇A∇A −m2)∆W (X,X ′) = {ω2z2∂a∂a + (ωz)5 ∂
∂z
1
(ωz)3
∂z −m2}∆W (X.X ′)
=
∑
n
ω2z2(∂a∂
a −M2n)∆nF (x− x′)
1
2
{ψn(z)ψn(z′) + Pψn(z)ψn(z˜′)}
= −(ω|z|)5δ4(x− x′)1
2
(δˆ(z − z′) + P δˆ(z − z˜′)) , (66)
where some relations in (53), (64) and the ompleteness relation:
(ω|z|)−3
∑
n
ψn(z)ψn(z
′) ≡
{
ǫ(z)ǫ(z′)δˆ(|z| − |z′|) for P=− 1
δˆ(|z| − |z′|) for P=1 , (67)
13
General proof of this propagator form is given in App.B.
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are used.
Now we have obtained 5D propagator ∆W (x
a, y; x′a, y′) whih satises Z2 symmetry
and is valid for y, y′ ∈ [−l, l]. When we want to extend this to y, y′ ∈ R and impose the
periodiity, we may take the universal overing of∆W (x
a, y; x′a, y′) as in the at ase. That
is, rst we Fourier-expand
14 ∆W (x
a, y; x′a, y′) within y, y′ ∈ [−l, l], and then, onrming
the non-singular behaviour, extend the variable region to R.
The above relations an be expressed in the Dira's bra and ket vetor formalism. Let
us introdue bra and ket vetors as follows.
ψn(z) ≡ (n|z) = (z|n) , e−ikx ≡< x|k > , eikx ≡< k|x > , (68)
Depending on the Z2-property of ψn(z), |z) and (z| have the following properties.
| − z) = P |z) , (−z| = P (z| , P = ∓1 . (69)
From the orthogonality relation (53), we know(∫ − 1
ω
− 1
T
+
∫ 1
T
1
ω
)
dz
(ω|z|)3 (n|z)(z|k) = 2
∫ 1
T
1
ω
dz
(ωz)3
(n|z)(z|k) = δn,k . (70)
We require the orthogonality between (n| and |k),
(n|k) = δn,k . (71)
then the ompleteness relation between the oordinate states |z)(∫ − 1
ω
− 1
T
+
∫ 1
T
1
ω
)
dz
(ω|z|)3 |z)(z| = 2
∫ 1
T
1
ω
dz
(ωz)3
|z)(z| = 1 . (72)
is dedued.
The ompleteness relation (67) is expressed as
∑
n
(z|n)(n|z′) =
{
(ω|z|)3ǫ(z)ǫ(z′)δˆ(|z| − |z′|) for P=− 1
(ω|z|)3δˆ(|z| − |z′|) for P=1 . (73)
If we require the orthogonality between the oordinate states (z| and |z′):
(z|z′) =
{
(ω|z|)3ǫ(z)ǫ(z′)δˆ(|z| − |z′|) for P=− 1
(ω|z|)3δˆ(|z| − |z′|) for P=1 , (74)
then the ompleteness: ∑
n
|n)(n| = 1 , (75)
14
Ordinary one using periodi funtions. Not Bessel Fourier-expansion.
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is dedued. The 5D propagator (65) an be expressed as
∆W (X,X
′) =
∑
n
∫
d4k
(2π)4
< x|k >< k|x′ >
k2 +M2n − iǫ
× 1
2
{(z|n)(n|z′) + P (z|n)(n|z˜′)}
= 2l
∫
d5K
1
2
{(X|K)(K|X
′) + P (X|K)(K|X˜ ′)
K2 − iǫ } ,
(X) ≡ (xa, z) , (X ′) ≡ (xa′, z′) , (X˜ ′) ≡ (xa′,−z′) ,
(K) ≡ (ka,Mn) ,
∫
d5K ≡ 1
2l
∑
n
∫
d4k
(2π)4
. (76)
where 5D bra and ket vetors are introdued as
(X|K) ≡< x|k > (z|n) , (K|X ′) ≡< k|x′ > (n|z′) . (77)
This is the same form as in the at ase of Se.3. The generalized points are the appearane
of the extra-spae 'measure fator' (ω|z|)−3 in (70), (72), (73), (74) and, in the extra
dimensional part, the periodi eigen funtions are replaed by the Bessel ones (n|z) =
(z|n) = ψn(z).
In this setion we have shown the basi quantum struture of the warped system, in the
Dira's bra and ket vetor formalism, is the same as the at one. In this sense, the warped
system an be regarded as a deformation of the at theory with the deformation parameter
ω. We will again point out the same interpretation from the propagator behaviour in
Se.10.
7 P/M Propagator approah to 5D QFT on AdS5
Let us solve the eld equation (50) in the P/M propagator approah.
∇A∇AΦ−m2Φ + J =
ω2z2∂a∂
aΦ + (ωz)5∂z(
1
(ωz)3
∂zΦ)−m2Φ + J = 0 . (78)
We onsider the Z2-parity odd ase:
Z2-property (5D parity) Φ(x, z) = PΦ(x,−z) , J(x, z) = PJ(x,−z) , P = −1 ,(79)
The P/M propagator Gp(z, z
′) is introdued as
Φ(X) =
∫
d5X ′∆W (X,X
′)
√−G′J(X ′) ,
(∇A∇A −m2)∆W (X,X ′) = − 1√−Gδ
4(x− x′)1
2
(δ(z − z′) + Pδ(z − z˜′)) , P = −1 ,
∆W (X,X
′) =
∫
d4p
(2π)4
eip(x−x
′)Gp(z, z
′) ,(80)
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where (XA) = (xa, z), (XA
′
) = (xa′, z′) and G = detGAB. In Se.6, we have derived ∆W in
the KK-expansion approah. Here we rederive it in the P/M propagator approah. From
the propagator equation above, Gp(z, z
′) must satisfy
{−ω2z2p2 + (ωz)5 ∂
∂z
1
(ωz)3
∂z −m2}Gp(z, z′)
= −1
2
(ω|z|)5(δ(z − z′) + Pδ(z − z˜′)) , (81)
(The absolute value |z| omes from the spae-time volume measure √−G = √−detGAB.)
Hene Gp is determined by the Bessel dierential equation.
15
{−p2 + ∂z2 − 3
z
∂z − m
2
ω2z2
}Gp(z, z′) = −1
2
(ω|z|)3(δ(z − z′) + Pδ(z − z˜′)) ,
− 1
T
≤ z, z′ ≤ − 1
ω
or
1
ω
≤ z, z′ ≤ 1
T
(83)
The above equation has the symmetries.
Sym(A) z ↔ z′
Sym(B) z → −z and z′ → −z′ , P = (−1)× (−1) = 1
Sym(C) z → −z , P = −1
Sym(C') z′ → −z′ , P = −1
Corresponding to the hoie of P = −1 in (79), we take the Dirihlet b.. at the xed
points: z, z′ = ± 1
ω
, ± 1
T
. Now let us solve (83) in the same way as in Se.4. We onsider
p2 > 0 (spae-like) ase rst.
We divide the whole region into 8 ones, R1, R2, R
′
1, R
′
2, R¯1, R¯2, R¯
′
1 and R¯
′
2 as in Fig.6.
Step 1.Region R1 and R2
We start by solving (83) for the region
1
ω
≤ z, z′ ≤ 1
T
.
(i)z 6= z′ .
In this ase the equation (83) redues to the homogeneous one.
(−p˜2 + ∂z2 − 3
z
∂z − m
2
ω2z2
)Gp(z, z
′)
= (−p˜2 + ∂z′2 − 3
z′
∂z′ − m
2
ω2z′2
)Gp(z, z
′) = 0 , p˜ ≡
√
p2 . (84)
15
For the high energy region
√
|p2| >> ω, we expet (83) approahes the 'at' (z-)spae equation:
{−p2 + ∂z2}Gp(z, z′) = −1
2
(ω|z|)3(δ(z − z′) + Pδ(z − z˜′)) . (82)
This orresponds to the 'at spae' limit (6.16) of Ref.[9℄. Note that the warp parameter ω remains in
this limit and it is dierent from the at ase of Se.2. See Fig.35 and App.C.3(3S). See also Fig.41 and
App.C.5(3S).
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Figure 6: 8 regions in the z-oordinates plane. This is the transformed version of Fig.3
through the relation (46)
The general solution is given by
Kp(z, z
′) = A(z′)z2Kν(p˜z) +B(z
′)z2Iν(p˜z) = C(z)z
′2
Kν(p˜z
′) +D(z)z′
2
Iν(p˜z
′) ,
ν =
√
4 +
m2
ω2
(85)
where A(z′), B(z′), C(z) and D(z) are to be xed by the boundary onditions. We onsider
the speial ase
16
whih is important in the supersymmetry requirement[19℄.
m2 = −4ω2 , ν = 0 . (86)
We take the solution as
Gp(z, z
′) = Kp(z, z
′) = A(z′)z2K0(p˜z) +B(z
′)z2I0(p˜z) = C(z)z
′2
K0(p˜z
′) +D(z)z′
2
I0(p˜z
′) ,
for
1
ω
≤ z < z′ ≤ 1
T
Gp(z, z
′) = Kp(z
′, z) = A(z)z′
2
K0(p˜z
′) +B(z)z′
2
I0(p˜z
′) = C(z′)z2K0(p˜z) +D(z
′)z2I0(p˜z) ,
for
1
ω
≤ z′ < z ≤ 1
T
.(87)
16
We treat the ase of the general ν in App.B.
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The latter equation is the z ↔ z′ exhanged one of the former equation. Here we use
Sym.(A). The Dirihlet b.. requires
A(z′)K0(
p˜
ω
) +B(z′)I0(
p˜
ω
) = 0 ,
C(z′)K0(
p˜
T
) +D(z′)I0(
p˜
T
) = 0 . (88)
(ii) |z − z′| < +0
In order to take into aount the inhomogeneous term −1
2
(ω|z|)3δ(z − z′) in the RHS of
(83) we put the following b...
Jump Condition: −∂Gp(z, z
′)
∂z
+
∂Gp(z, z
′)
∂z′
∣∣∣∣
z′→z+0
= −1
2
(ωz)3 for (
1
ω
≤)z < z′ .(89)
(This b.., in ombined with the z ↔ z′ exhanged denition for z′ < z in (87), simply
demands Gp(z, z
′) ∼ −1
4
(ωz)3|z − z′| for |z − z′| ≪ 1. ) Using the upper equation of (87),
the above b.. redues to
−A(z′) d
dz
{z2K0(p˜z)} − B(z′) d
dz
{z2I0(p˜z)} + C(z) d
dz′
{z′2K0(p˜z′)}+D(z) d
dz′
{z′2I0(p˜z′)}
∣∣∣∣
z′→z+0
= −1
2
(ωz)3 .(90)
The ontinuity at z = z′ requires, from eq.(87),
A(z)K0(p˜z) +B(z)I0(p˜z) = C(z)K0(p˜z) +D(z)I0(p˜z) . (91)
The 4 relations in (88), (90) and (91), x A,B,C and D as

A(z)
B(z)
C(z)
D(z)


= {ω3z2
2
/(K0(
p˜
ω
)I( p˜
T
)−K0( p˜T )I0( p˜ω ))} ×


−I0( p˜ω ){I0( p˜T )K0(p˜z)−K0( p˜T )I0(p˜z)}
+K0(
p˜
ω
){I0( p˜T )K0(p˜z)−K0( p˜T )I0(p˜z)}
−I0( p˜T ){I0( p˜ω )K0(p˜z)−K0( p˜ω )I0(p˜z)}
+K0(
p˜
T
){I0( p˜ω )K0(p˜z)−K0( p˜ω )I0(p˜z)}


(92)
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Hene Kp(z, z
′) is ompletely xed as
Kp(z, z
′) = −ω
3
2
z2z′
2{I0( p˜ω )K0(p˜z)−K0( p˜ω )I0(p˜z)}{I0( p˜T )K0(p˜z′)−K0( p˜T )I0(p˜z′)}
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
.(93)
Step 2.Extension to all other regions
We now know how to extend the above solution to all other regions in the onsistent way
with Sym.(A)-(C'). Before that, we point out the neessity of the extension of the modied
Bessel funtions to the negative real axis. (same as in (55).) Following the proedure of
Se.4.2, we see the solution in R1 R¯1 is given by Kp(z, z
′) (93). This funtion must be
odd for z ↔ −z. (beause of Sym(C)) It demands K0(p˜z) and I0(p˜z) is the odd funtion
of z. 17 Hene the modied Bessel funtions, in the P = −1 ase, is generalized to the
orresponding odd funtions.
18
I˜ν(z) ≡ ǫ(z)Iν(|z|) , K˜ν(z) ≡ ǫ(z)Kν(|z|) , (95)
where Iν(z) and Kν(z) are the ordinary ones dened in z > 0. Then the propagator (93)
is improved to
K˜p(z, z
′) = −ω
3
2
z2z′
2{I0( p˜ω )K˜0(p˜z)−K0( p˜ω )I˜0(p˜z)}{I0( p˜T )K˜0(p˜z′)−K0( p˜T )I˜0(p˜z′)}
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
.(96)
With these Z2-odd quantities, the nal solution is given by
Gp(z, z
′) =


K˜p(z, z
′) for R1 and R¯1
K˜p(−z′,−z) for R¯2 and R′2
K˜p(−z,−z′) for R′1 and R¯′1
K˜p(z
′, z) for R¯′2 and R2
= − ω
3z2z′2/2
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
×
{ {I0( p˜ω )K˜0(p˜z)−K0( p˜ω )I˜0(p˜z)}{I0( p˜T )K˜0(p˜z′)−K0( p˜T )I˜0(p˜z′)} for R1 ∪ R¯1 ∪ R1′ ∪ R¯′1
{I0( p˜ω )K˜0(p˜z′)−K0( p˜ω )I˜0(p˜z′)}{I0( p˜T )K˜0(p˜z)−K0( p˜T )I˜0(p˜z)} for R2 ∪ R¯2 ∪ R2′ ∪ R¯′2
(97)
As in Se.4, we an express Gp(z, z
′) in the ompat way using the absolute funtions.
z =
1
2
(z + z′)− 1
2
(z′ − z)→ Z(z, z′) ≡ 1
2
|z + z′| − 1
2
|z′ − z|
z′ =
1
2
(z + z′) +
1
2
(z′ − z)→ Z ′(z, z′) ≡ 1
2
|z + z′|+ 1
2
|z′ − z|
Gp(z, z
′) = K˜p(Z(z, z
′), Z ′(z, z′)) (98)
17
This situation is the same as that in (55) in the previous setion. In the at ase (35), the orresponding
funtion is sinh p˜y whih is odd for y ↔ −y.
18
For the ase P = 1, the generalized even funtions are given by
Iˆν(z) ≡ Iν(|z|) , Kˆν(z) ≡ Kν(|z|) . (94)
These will be used for the vetor propagator.
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The last expression is valid for all regions and is indispensable for the alulation in Se.10
and is important for drawing graphs. This is beause the absolute funtions an properly
treat the singularities.
For the time-like ase p2 < 0, the explanation goes in the same way exept the modied
Bessel funtions are replaed by the Bessel funtions. The expression of K˜p(z, z
′) in (98)
is given by
K˜p(z, z
′) = −ω
3
2
z2z′
2{J0( pˆω )N˜0(pˆz)−N0( pˆω )J˜0(pˆz)}{J0( pˆT )N˜0(pˆz′)−N0( pˆT )J˜0(pˆz′)}
J0(
pˆ
T
)N0(
pˆ
ω
)−N0( pˆT )J0( pˆω )
,(99)
where pˆ =
√
−p2.
(98) and (99) will be used for z-oordinate graphial representation in App.C.3. We
will give the equivalent expression as the y-oordinate ounter-part in Se.9.2.
8 Sturm-Liouville expansion approah versus P/M Prop-
agator approah
We have solved the propagator of the 5D warped spae-time (50) or (78) both in the
expanded form (Se.6) and in the losed form (Se.7) . Here we relate them as done for
the at ase in Se.5.
Using the Strum-Liouville expansion formula[20℄ (f(z): an arbitrary ontinuous (real)
funtion dened in a ≤ z ≤ b)
f(z) =
∞∑
n=1
kn
Ω′(λn)
ψn(z)
∫ b
a
r(ξ)f(ξ)ψn(ξ)dξ,
Ω(λ) ≡ p(z) (ϕa(z, λ)ϕb(z, λ)′ − ϕb(z, λ)ϕa(z, λ))′) , kn ≡ ϕb(z, λn)
ϕa(z, λn)
, Ω(λn) = 0 ,
ψn(z) ≡ ϕa(z, λn) ∝ ϕb(z, λn) ,(100)
where ψn is the eigen funtions of the general operator dened below ( suh as appeared
in (62) ), and ϕa(z, λ) and ϕb(z, λ) are "intermediate" solutions, that is, they satisfy the
dierential equation below but the boundary ondition is imposed only at one of the two
boundary points. (
Lˆ+ λr(z)
)
ϕa =
(
Lˆ+ λr(z)
)
ϕb = 0 , Lˆ =
d
dz
p(z)
d
dz
− q(z) ,
ϕa(z, λ) : b.. is satised only at z = a , ϕb(z, λ) : b.. is satised only at z = b ,(101)
where Lˆ is the general kineti operator (Sturm-Liouville dierential operator), and a and
b are the boundary points on z-axis. In the present model, they are given by
p(z) =
1
(ωz)3
, q(z) =
m2
(ωz)5
, r(z) =
1
(ωz)3
, a =
1
ω
, b =
1
T
,
√
λ =
√
−p2 (p2 < 0 ase) . (102)
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(We also use the notation M (=
√
λ) and Mn (=
√
λn).) In this ase, the equation (101) is
the soureless (J = 0) version of (50) (the homogeneous dierential equation). The formula
(100) redues to the ordinary Fourier expansion formula for the at ase. See App.A .
We an dedue, from the the P/M propagator, the expansion form by applying Gp(z, z
′)
of Se.7, using Kp(z, z
′) of (99) (time-like ase), to f(z) above.
1
ω
≤ z, z′ ≤ 1
T
,
Gp(z, z
′) =
∞∑
n=1
knψn(z)
Ω′(λ)|λ=M2n
[∫ z′
1
ω
ξ−3Kp(ξ, z
′)ψn(ξ)dξ +
∫ 1
T
z′
ξ−3Kp(z
′, ξ)ψn(ξ)dξ
]
=
1
2
∞∑
n=1
ψn(z)ψn(z
′)− ψn(z)ψn(−z′)
p2 +M2n
, (103)
where we have used the following alulation results.
kn ≡ ϕ
(1/T )(z,Mn)
ϕ(1/ω)(z,Mn)
= 1,
Ω(λ) ≡ z−3
{
ϕ(1/ω)(z,
√
λ)
∂ϕ(1/T )(z,
√
λ)
∂z
− ϕ(1/T )(z,
√
λ)
∂ϕ(1/ω)(z,
√
λ)
∂z
}
=
2ω4
πN2n
{
b0(ω
√
λ/T )− b0(
√
λ)
}
, b0 is dened in (58).
Ω′(λ)|λ=M2n = −
2ω4{J20(MnT )− J20(Mnω )}
π2N2nM
2
nN 0(
Mn
ω
)N 0(
Mn
T
)J0(
Mn
ω
)J0(
Mn
T
)
,
N2n =
2ω{N20(Mnω )−N 20(MnT )}
N
2
0(
Mn
ω
)N 20(
Mn
T
)
. (104)
Partiularly, we have used the Lommel's formula Jν(z)Nν+1(z) − Jν+1(z)Nν(z) = −2/πz
and the following formula of indenite integral that makes the propagator 1/(p2 +Mn
2)
appear in the nal expression of(103).∫
ξZ0(αξ)Z0(βξ)dξ =
ξ
α2 − β2{αZ1(αξ)Z0(βξ)− βZ0(αξ)Z1(βξ)}, (105)
where Zν represents Jν and N ν .
The result (103) is valid for other regions of z and z′. The same result is obtained also
for the spae-like ase (p2 > 0). In this text the equivalene between SL-expansion and
P/M propagator is shown only for ν=0. It is valid for general ν. In App.B we give an
alternative proof whih is valid for general ν.
In this warped ase, both SL-expansion and P/M-propagator approahes are done in the
interval y ∈ [−l, l]. It an be extended to R=(−∞,∞) by the proedure of the universal
overing: we extend the solution, obtained for the interval [−l, l], to R by requiring the
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periodiity y → y + 2l.
Φ(xa, z) =
∑
n
φn(x)ψn(z) , ψn(z) =
∞∑
m=1
cnm sin
mπ
l
y ,
cnm ≡ 1
l
∫ l
−l
ψn(z(y)) sin
mπ
l
ydy =
2
l
∫ l
0
ψn(
1
ω
eωy) sin
mπ
l
ydy , (106)
where the relation (46) is used. In this way, we an introdue the orbifold piture. This
is important to onnet the warped solution and the at solution by the deformation
parameter ω.
Whether we view the system in the orbifold piture or in the interval one depends on
our hoie of the infrared regularization of the extra axis. For the former ase, the extra
axis is basially R = (−∞,∞) and two identiations (y ↔ −y, y → y + 2l) are imposed
there. On the other hand, for the latter ase, the extra axis is the interval [−l, l℄ with
y ↔ −y identiation. The importane of the infrared regularization (of the extra axis)
was stressed, in the ontext of the wall-anti-wall formation, in Ref.[21℄. In (106), we see
the importane of y-oordinate as well as z.
9 Behaviour of P/M Propagator
The P/M propagator involves all KK modes ontributions. Its behaviour harateristially
hanges depending on the 4-momentum pa in relation to its absolute value |papa| = |p2|
and 2 mass parameters, l (boundary parameter, periodiity) and ω (bulk urvature). The
p-dependene for the various (y, y′) (or (z, z′)) was examined in Ref.[9℄. Here we show the
(y, y′)-dependene for various pa. Charateristi 'brane' strutures manifestly appear.
Note: In all gures in the following, the vertial plot is ut at some appropriate value
when the graph height is too large.
9.1 Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-
Dirihlet b..)
The behaviour of 5D massless salar in the at geometry, spae-like ase (36) and time-like
ase (38), is shown in Fig.7-12. Z2-parity is taken to be odd: P=−1. Dirilet b.. is
imposed for all xed points(y, y′ = 0,±l).
We take the boundary parameter value as
l=π, 1/l∼0.3
We use the following notation.
p˜ ≡
√
p2 for p2 > 0(spae-like); pˆ ≡
√
−p2 for p2 < 0(time-like)
In this ase, the sale parameter is the periodiity parameter l only. We an harater-
ize the behaviours by the momentum p in omparison with 1/l.
(A) Spae-Like
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(1S) p˜  1/l , Fig.7
Upheaval and downheaval surfaes front eah other at sharp edges whih orrespond the
singularities at y ± y′ = 0. The size of the slope is l. Boundary onstraint is strong. This
is the 'Boundary phase'. The sale p˜ does not appear in the graph.
(2S) p˜ ∼ 1/l , Fig.8
The gross shape is similar to (1S).
(3S) p˜  1/l , Fig.9
Walls and valleys run along the diagonal axes. The onguration is free from the boundary
onstraint. This is the 'Dynamial phase'. The size of the wall (valley) thikness is 1/p˜.
Absolute value of the eetive height dereases learly. In the point of the wall (valley)
formation, this situation is ommon to the warped ase. See the (3S) of Se.9.2.
(B) Time-Like
(1T) pˆ  1/l , Fig.10
Shape is similar to the spae-like ase. This is the 'Boundary phase'.
The situation that the propagator onguration, for the small |p|, is almost same both
for the spae-like ase and for the time-like ase, is generally valid in the following ( even
for the warped ase).
19
(2T) pˆ ∼ 1/l , Fig.11
The absolute value of the height inreases and dereases by hanging pˆ within this region.
The global shape does not hange.
(3T) pˆ  1/l , Fig.12
The wavy behaviour appears. This is the ontrasting point ompared with the spae-like
ase. The singularity-lines are buried in the waves. Boundary onstraint is not eetive.
This is the 'Dynamial phase'. The size of the wave length is 1/pˆ.
This situation of wave formation, for the large pˆ in the time-like ase, is generally seen
in the following. Compared with the spae-like ase, the absolute value does not so muh
hange for the time-like ase.
Other at propagators are displayed in Appendixes C.1 and C.2.
9.2 Warped 5D Salar Propagator (Z2-Odd, Dirihlet-Dirihlet
b..)
We graphially show the P/M propagator behaviour of 5D salar , with P=−1, in the
warped geometry: (98) with (96) for p2 > 0, (99) for p2 < 0. 20 Dirihlet b.. is imposed
on all xed points (y, y′ = 0,±l). As for the hoie of the value of ω, we have the following
possibilities: 1) ω ≪ 1/l, 2) ω < 1/l, 3) ω ∼ 1/l, 4) ω > 1/l, 5) ω ≫ 1/l. Case 1) is
important for approahing the at limit from the warped geometry. Case 5) is the situation
in the real world beause we know Tev(Weak)-sale/Plank-sale =10
−16
=exp(−ωl). For
19
A simple reason for this similarity is the relations: sinx ∼ sinhx , cosx ∼ coshx for |x| ≪ 1.
20
The expressions, however, are written in z-oordinate. They are equivalently rewritten in y-oordinate
as in (107) for the spae-like ase, and in (108) for the time-like ase.
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Figure 7: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), p˜=0.03 
1/l , spae-like, S1-boundary is strongly inuened. Se.9.1(1S)
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Figure 8: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), p˜=0.3 ∼
1/l , spae-like, Se.9.1(2S)
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Figure 9: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), p˜=3 
1/l , spae-like, S1-boundary is not inuened, Se.9.1(3S)
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Figure 10: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), pˆ=0.03
 1/l , time-like, Se.9.1(1T), S1-boundary is strongly inuened
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Figure 11: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), pˆ=0.3
∼ 1/l , time-like, Se.9.1(2T)
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Figure 12: Flat 5D Massless Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), pˆ=1.7
> 1/l , time-like, Se.9.1(3T)
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simpliity, we take the ase 4) for the display of graphs. The values are
l=π, 1/l∼0.3, ω=1, T=ω exp(−ωl) ∼ 0.04
We use the following notation.
p˜ ≡
√
p2 for p2 > 0(spae-like); pˆ ≡
√
−p2 for p2 < 0(time-like)
(A) Spae-Like Case
For the y-oordinate presentation, we use the following propagator funtion.
Gp(y, y
′) = Kp(Y (y, y
′), Y ′(y, y′)) ,
Kp(Y, Y
′) =
1
2ω
exp(2ω|Y |+ 2ω|Y ′|)ǫ(Y )ǫ(Y ′)×
{I0( p˜ω )K0( p˜ωeω|Y |)−K0( p˜ω )I0( p˜ωeω|Y |)}{I0( p˜T )K0( p˜ωeω|Y
′|)−K0( p˜T )I0( p˜ωeω|Y
′|)}
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
, (107)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
(1S) p˜  1/l < ω , Fig.13
2 sharp up-ward spikes and 2 sharp down-ward spikes appear at orners. The eetive
thikness of the spikes is 1/ω. (Note again that the top surfae is ut at an appropriate
height.) The size of the global upheaval and downheaval is l. The boundary onstraint
is dominant. This is the "boundary phase". There is a at region around the enter
(y = y′ = 0). The propagator vanishes there. This means that the bulk propagation, near
the Plank brane, gives no ontribution to the amplitude. On the other hand, near the
Tev brane (y, y′ = ±l), it gives a sizable eet.
We will see the warped sale parameter ω appears in all "phases".
(2S) 1/l < p˜ ∼ ω , Fig.14
2 walls with sharp edges and 2 sharp valleys develop along the diagonal axes from the
orners to the enter. Their thikness is 1/p˜ ∼ 1/ω. The at region near the enter
disappears. Absolute value of the eetive height dereases.
(3S) 1/l < ω < p˜ , Fig.15
Walls and valleys develop from the oners almost to the enter. The eetive thikness
of them is 1/p˜ near the orners and is 1/ω near the enter. There is no boundary eet.
This is the "dynamial phase". There is no at region near the enter, whereas in the o-
diagonal region there appears the zero-value at region. This means the bulk propagation
takes plae only for the ase y′ ± y ∼ 0. Absolute value of the eetive height dereases
rapidly as p˜ inreases.
(B) Time-Like Case
For the y-oordinate presentation, we use the following propagator funtion.
Gp(y, y
′) = Kp(Y (y, y
′), Y ′(y, y′)) ,
Kp(Y, Y
′) =
1
2ω
exp(2ω|Y |+ 2ω|Y ′|)ǫ(Y )ǫ(Y ′)×
{J0( pˆω )N0( pˆωeω|Y |)−N0( pˆω )J0( pˆωeω|Y |)}{J0( pˆT )N0( pˆωeω|Y
′|)−N0( pˆT )J0( pˆωeω|Y
′|)}
J0(
pˆ
T
)N0(
pˆ
ω
)−N0( pˆT )J0( pˆω )
, (108)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
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Figure 13: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), p˜=0.005  T
< 1/l <ω, spae-like, Se.9.2(1S), "boundary phase"
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Figure 14: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), T  1/l <
p˜=1=ω, spae-like, Se.9.2(2S)
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Figure 15: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), T  1/l < ω
< p˜=5, spae-like, Se.9.2(3S)
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(1T) pˆ  1/l < ω , Fig.16
The behaviour is quite similar to the spae-like ase (1S) above. The fat that, for low 4D
momentum (pˆ), the P/M propagator behaviours of the spae-like ase and of the time-like
ase are similar, is widely valid. See other ases below.
(2T) 1/l < pˆ ∼ ω , Fig.17
Wavy behaviour appears. Sharp spikes gather near the 4 orners and form groups within
the range of order 1/ω = 1/pˆ. Two types of waves are there. One type has the small
wave-length of order 1/pˆ=1/ω, and the waves of this type appear along the 4 rims. The
other type has the long wave-length of order l, whih omes from the boundary onstraint.
It appears in the enter and forms a very moderate hill. The propagator takes nearly 0
value there. This is ontrasting with the spae-like ase. As the whole onguration, Z2
oddness disappears.
(3T) 1/l < ω < pˆ , Fig.18
Spikes and two types of waves are there. It is roughly similar to (2T). The plain in the
enter forms learly a disk. The propagator takes nearly 0 value there. This is ontrasting
with the spae-like ase. The overall height dereases. As in (2T), Z2 oddness disappears.
Although the sale l looks to appear as the radius of the plain around the enter, the main
onguration is free from the boundary eet. It is nearly the "dynamial phase".
From (1S) to (3S), from (1T) to (3T), the ratio ω/p dereases. We annot take the at
limit in this way. In fat the sale ω remains in all "phases". The orret ondition for
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Figure 16: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), pˆ=0.005  T
< 1/l <ω, time-like, Se.9.2(1T)
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Figure 17: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), T  1/l <
pˆ=1=ω, time-like, Se.9.2(2T)
-2
0
2
-2
0
2
-1000
-500
0
500
1000
35
Figure 18: Warped 5D Salar Propagator (Z2-odd, Dirihlet-Dirihlet b..), T  1/l < ω
< pˆ=5, time-like, Se.9.2(3T)
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the at limit is both ω ≪ 1/l and ω ≪ p are satised. We have onrmed that, taking
the values l = π, ω = 0.001 (ω ≪ 1/l), the warped propagators (107) and (108) produe
graphs quite similar to the at results of Se.9.1 (Fig.7-12).
10 Solving δ(0)-problem and the deformation of propa-
gator
P/M propagator for 5D salar is, for the spae-like 4 momentum ase, given by (36). It is
expressed as
Gp(y, y
′) =
1
4p˜ sinh p˜l
[{cosh 2p˜v+(y, y′)− cosh 2p˜v−(y, y′)} cosh p˜l
+{− sinh 2p˜v+(y, y′) + sinh 2p˜v−(y, y′)} sinh p˜l] . (109)
where v− and v+ are dened by
v∓(y, y
′) ≡ 1
2
|y′ ∓ y| : y ↔ y′ symmetri . (110)
36
Using the following relations:
∂v−
∂y
= −1
2
ǫ(y′ − y) , ∂v−
∂y′
=
1
2
ǫ(y′ − y)
∂v+
∂y
=
1
2
ǫ(y′ + y) ,
∂v+
∂y′
=
1
2
ǫ(y′ + y)
∂2v−
∂y2
= δ(y′ − y) , ∂
2v−
∂y′∂y
= −δ(y′ − y) , ∂
2v−
∂y′2
= δ(y′ − y)
∂2v+
∂y2
= δ(y′ + y) ,
∂2v+
∂y′∂y
= δ(y′ + y) ,
∂2v+
∂y′2
= δ(y′ + y) (111)
we obtain, for the at ase (109),
∂2Gp
∂y∂y′
∣∣∣∣
y=y′=0
= −δ(0) + 1
2
p˜ coth p˜l ,
∂2Gp
∂y∂y′
∣∣∣∣
y=0,y′=±l
=
1
2
p˜
sinh p˜l
,
∂2Gp
∂y∂y′
∣∣∣∣
y=y′=±l
= −δ(0) + 1
2
p˜ coth p˜l . (112)
The above result says the bulk salar propagation starting and ending at the Plank brane
and that starting and ending at Tev brane are the same. The propagation starting at the
Plank(Tev) brane and ending at the Tev(Plank) brane does not have δ(0) singularity.
The δ(0) problem rst appeared in the analysis of 11D supergravity on a manifold with
boundary in relation to the E8×E8 heteroti string and M-theory[11℄. It was shown, using
a simpler model, that the problem generally ours in the bulk-boundary theory[22℄. When
the bulk salar Φ has a derivative (∂y) oupling with other eld (this is the ase of Mirabelli-
Peskin model), the Φ propagator part in a quantum-loop amplitude appears as the form
∂2Gp/∂y∂y
′
. In Ref.[22℄, the anellation of δ(0) was shown in a self energy alulation
using KK-expansion. The anellation was further onrmed in an improved way in Ref.[23,
24℄. The rst equation in (112) exatly oinides with the results in these papers. In the
papers, however, the equation was obtained by summing all KK-modes ontribution. In
this paper the same equation is obtained without doing the KK-summation.
For the warped ase, the orresponding propagator (5D salar, spae-like 4 momentum,
Dirihlet b..) is given in (98). After alulation using (111), we obtain
∂2Gp
∂y∂y′
∣∣∣∣
y=y′=0
= −δ(0)− 2ω + p˜I0(
p˜
T
)K1(
p˜
ω
) +K0(
p˜
T
)I1(
p˜
ω
)
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
. (113)
21
We onrm eq.(113) leads to the rst equation of eq.(112) in the limit: ω/p˜→ +0, p˜l =xed.
This shows the warped ase is , at the propagator level, ontinuously onneted with the
21
The appearane of δ(0) was known in Ref.[25℄ where KK-summation was used.
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at one. The result (113) says that the warped version of the Mirabelli-Peskin model does
not suer from the δ(0) problem.
In Ref.[23℄, it is shown that the nite part of above expressions , (112) and (113), an
be regarded as a "deformation" fator from the ordinary 4D theory propagator. The linear
divergene, for p˜→∞, of the nite part just gives the UV-divergene due to 5D quantum
utuation. Both at and warped ases are non-renormalizable in this sense.
22
See Se.11
for further disussion about the renormalizability.
11 Disussions and Conlusion
We have treated QFT in the 5D at and warped spae-time. The Z2-parity is respeted.
The P/M propagator is losely analyzed. Its singular properties are systematially treated
by the use of the absolute funtions. We have obtained the visual output of various P/M
propagators, whih enables us to know the various "phases" depending upon the hoie of
elds (salar, vetor, · · · ), boundary onditions (Dirihlet, Neumann), spae-time geometry
(at, warped), the 4D momentum property(spae-like, time-like) and its magnitude (
√|p2|
in relation to 1/l and ω). It is shown that the eigen-mode expansion approah is equivalent
to the P/M propagator approah. They are related by the Fourier-expansion for the at
ase and by the Strum-Liouville expansion for the warped ase. The Dira's bra and ket
vetor formalism is naturally introdued for quantizing the 5D (at and warped) spae-time
with Z2-parity.
We add some omments and disussions as follows.
1) The Feynman rule for the present approah is straightforward and is given in Ref.[9℄.
The harateristi points are the appearane of the metri fators at verties and the
extra-axis integral form restrited by the diretedness of the extra oordinate.
2) BRS struture is important for dening physial quantities in gauge theories. It
is very suessful in the 4D renormalizable theories. For the present model of higher
dimensions, the struture is missing. The formal higher dimensional extension is possible,
but the treatment of the extra dimension part is quite obsure. In Ref.[9℄, some Ward
identities seem to work.
3) Generally the string theory is regarded advantageous over the QFT beause the
fundamental unit of the string tension α′ are there and the extendedness "softens" the
singularities. The present approah is based on the higher-dimensional QFT. The extend-
edness parameter appears as the thikness ω. The situation of the boundary onditions
and the "brane" formation looks similar to that in the string theory. In partiular, the
role of the extra-axis looks to orrespond to that of the open string whih is used to dene
the D-brane. Of ourse, these similarities ome from the fat that the original models are
invented and examined, triggered by the string theory development. We point out the
present approah ould reveal some important regularization aspet of the string theory in
a simplied way. In this respet, it is worth disussing the regularization in the present
22
See eq.(54) of Ref.[23℄ for detail.
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approah. In Fig.19, the integration spae is shown. The horizontal axis is z-oordinate,
and the range is 1/ω ≤ z ≤ 1/T . The vertial one is (the absolute value of) the 4D mo-
mentum. It runs in the range µ(≡ (T/ω) · Λ, infrared uto)≤ p ≤ Λ(ultraviolet uto).
What region of (z,p)-spae, shown in Fig.19, should be integrated is the present disussion
point. Ref.[9℄ proposed the region:
p z ≤ Λ
ω
,
1
ω
≤ z ≤ 1
T
, (114)
based on the onrete behaviour of the P/M propagator. (See Fig.40 and Fig.41 and their
explanation in App.C.5.) Adapting the region (114), the β-funtion of the gauge oupling
was nitely obtained[9℄. Clearly this proedure is still primitive and some persuasive ex-
planation is required. We propose here a new denition of the integral region. For the
explanation we look the integral region in the spae of (z-oordinate, 4D oordinate xa),
that is, the 5D oordinate spae. See Fig.20. This is an equivalent desription. For sim-
pliity we take 5D Eulidean spae. On the Plank-brane (z = 1/ω), the 4D spae integral
region is taken to be 1/Λ ≤ x ≡ √xaxa ≤ 1/µ. This region is 4 dimensional and forms
the thik sphere-shell bounded by two S3's: one (S3
UV,Pla
) has the radius 1/Λ and the
other (S3
IR,Pla
) has the radius 1/µ. On the Tev-brane (z = 1/T ), the 4D spae integral
region is (1 − ε)/µ ≤ x ≤ 1/µ, where ε is a new regularization parameter whih tends to
the positive 0, ε → +0. As on the Plank-brane, the integral region is 4 dimensional and
forms the thin sphere-shell bounded by two S3's: one (S3
UV,Tev
) has the radius (1− ε)/µ
and the other (S3
IR,Tev
) has the radius 1/µ. Between the two branes (1/ω < z < 1/T ),
the integral region is the 5D volume bounded by two 4D regularization surfaes, BUV and
BIR, whih an be determined by the minimal area priniple and the boundary ondition
(S3UV,P la at z = 1/ω,S
3
UV,Tev at z = 1/T for BUV ; S
3
IR,P la at z = 1/ω,S
3
IR,Tev at z = 1/T for
BIR). Two regularization S
3
spheres, the UV sphere and the IR sphere, "ow" along the
z-axis hanging their radii: BUV desribes the hange of the UV sphere and BIR desribes
the hange of the IR sphere. The advantage of the new denition is that, only at the
xed points, the artiial utos are introdued. This is the same situation as taken in the
ordinary 4D renormalizable theories. Between the xed points, the regularization surfaes
(BUV , BIR) are not introdued by hand but determined by the bulk geometrial dynamis.
If we view this new integral region in the (z,p)-spae, the similar region to (114) is expeted
to be obtained. It is quite interesting that the regularization surfaes, BUV and BIR, have
similarity to the tree propagation of the losed string. The neessity of restrition on the
integral region (114) strongly suggests the requirement of a new type "quantization". The
integral region ondition (114) looks a sort of the unertainty relation. If this view is right,
it is quite notable that the onjugate variable (in the quantum phase spae) of the extra
oordinate z is played by the absolute value of the 4D momentum,
√|p2|. The present
standpoint desribed above is that the new relation omes from the minimal area priniple.
Hene the behaviour of the boundary surfaes, BUV and BIR, plays an important role.
4) The at system is haraterized by the yli funtions, while the warped one is
haraterized by the Bessel funtions. Although the periodiity is lost in the latter system,
39
Figure 19: Spae of (z,p) for the integration. Λ/ωu is the position-dependent uto[9℄.
both sets of funtions onstitute the omplete orthonormal system and suiently deserve
desribing the quantum Hilbert spae. The present analysis strongly suggests the Bessel
funtion system an be regarded as a one-parameter deformed system of the yli funtions.
5) As for the phenomenology appliation, besides the ones mentioned in the introdu-
tion, Higgs setor analysis based on 5D model is ative. The Higgs eld is identied with
the extra-omponent of the bulk gauge eld and the eetive ation is alulated under
the name of "holographi pseudo-Goldstone boson"[26, 27, 28℄. The form fators there
orrespond to P/M propagators Gp(y, y
′) of the present work.
12 App. A : Sturm-Liouville expansion formula
We apply the Strum-Liouville expansion formula (100) to the at ase of Se.2 and Se.4.
∂M∂
MΦ(X) = −J(X) ,
Φ(X) =
∫
d4p
(2π)4
eipxΦp(y) , J(X) =
∫
d4p
(2π)4
eipxJp(y) ,
(−p2 + ∂
2
∂y2
)Φp(y) = −Jp(y) . (115)
Hene the general operator Lˆ (101) and the boundary points are given by
p(y) = 1 , q(y) = 0 , r(y) = 1 , λ = −p2 ,
a = 0 , b = l . (116)
40
Figure 20: Spae of (z,xa) for the integration. BIR, S
3
IR,P la and S
3
IR,Tev an be similarly
shown.
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We onsider the odd Z2-parity, P=−1, as in the text. Time-like ase, p2 < 0, is taken. The
homogeneous equation and its "intermediate" solutions are given as
(λ+
∂2
∂y2
)ψ(y) = 0 , − l ≤ y ≤ l
ϕ(y, λ) = (1/
√
λ) sin
√
λy Dirihlet b.. is satised at y = 0
χ(y, λ) = (1/
√
λ) sin
√
λ(l − y) Dirihlet b.. is satised at y = l
(117)
The quantity Ω, its zeros λn and others are obtained as
Ω(λ) = p(ϕχ′ − χϕ′) = −(1/
√
λ) sin(
√
λl) ,
Ω(λn) = 0 , λn = (
π
l
)2n2, n = 1, 2, · · · ,
Ω′(λn) = −(l3/2π2n2)(−1)n , kn = χ(y, λn)/ϕ(y, λn) = (−1)n+1. (118)
Using the above results and the eigen funtion ψn(y) = ϕ(y, λn) = (l/πn) sin(πny/l) , the
Strum-Liouville expansion formula (100) redues to
f(y) =
2
l
∑
n
(sin
nπy
l
)
∫ l
0
f(ξ) sin(
πnξ
l
)dξ . (119)
This is the familiar Fourier expansion formula for the odd funtion f(y). Its Z2 parity even
version is used in (43) and the equivalene of the expansion approah and P/M approah
is shown for the at ase.
13 App. B : General treatment of the propagator
In this appendix, we treat the propagator of AdS5 spae-time (Se.6 and Se.7) in the
general way valid for the wide-range dynamis, that is, the Strum-Liuoville dierential
operator. The eld equation (50) an be expressed, using 4D-Fourier transformed eld
Φp(z), Jp(z) dened in (115), as{
d
dz
p(z)
d
dz
− q(z)
}
Φp − p2r(z)Φp ≡ LˆΦp − p2r(z)Φp = −Jp(z)
(ωz)5
,
p(z) =
1
(ωz)3
, q(z) =
m2
(ωz)5
, r(z) =
1
(ωz)3
. (120)
This is the Strum-Liouville dierential equation with soure term (the inhomogeneous
ase). We onsider p2 < 0 ase (time-like). (p2 > 0 ase is similarly treated.) Z2 parity is
taken to be odd, P=−1, and the Dirihlet b.. is taken both at z = 1/ω and at z = 1/T .
(P=+1 ase is similarly treated.)
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(i) Homogeneous Solution (Jp = 0)
LˆΦp − p2r(z)Φp = 0 . (121)
This is the eigenvalue equation for the operator r(z)−1Lˆ. Two independent solutions are
given by
23
(ωz)2J˜ν(Mz) , (ωz)
2
N˜ν(Mz) , M =
√
−p2 , ν =
√
4 +
m2
ω2
. (122)
We introdue two "intermediate" solutions: ϕM(z) whih satises the b.. only at z = 1/ω,
and χM(z) whih satises the b.. only at z = 1/T .
ϕM(z) =
1
N (1/ω)
(ωz)2(J˜ν(Mz)Nν(
M
ω
)− N˜ν(Mz)Jν(M
ω
))/Nν(
M
ω
) ,
χM(z) =
1
N (1/T )
(ωz)2(J˜ν(Mz)Nν(
M
T
)− N˜ν(Mz)Jν(M
T
))/Nν(
M
T
) . (123)
The nal solution is obtained by the requirement that ϕM(z) and χM(z) beome linearly-
dependent eah other.
Wronskian W [ϕM , χM ] ≡ ϕM d
dz
χM − χM d
dz
ϕM ∝
{
Jν(
M
ω
)Nν(
M
T
)− Jν(M
T
)Nν(
M
ω
)
}
= 0 .(124)
This is beause the solution must satisfy the Dirihlet b.. at both points. The ondition
(124) xes the set of eigenvalues {Mn}. The eigen funtion ψn(z) is obtained as
ψn(z) = ϕM(z)|M=Mn =
1
N
(1/ω)
n
(ωz)2(J˜ν(Mnz)Nν(
Mn
ω
)− N˜ν(Mnz)Jν(Mn
ω
))/Nν(
Mn
ω
) ,
= χM(z)|M=Mn ,
2
∫ 1
T
1
ω
r(z)ψn(z)ψm(z)dz = δnm .(125)
(ii) Solution of (120), Inhomogeneous solution
(iia) Expansion form
First we obtain the solution in the expansion form using the homogeneous solutions {ψn}
obtained in (i).
Φp(z) =
∞∑
n=1
cn(p)ψn(z) , Lˆψn = −Mn2r(z)ψn . (126)
Putting (126) into (120), we obtain
∞∑
n=1
cn(p)(−p2 −Mn2)r(z)ψn(z) = −Jp(z)
(ωz)5
. (127)
23
Bessel funtions here are generalized as dened in (55).
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From the orthogonality (125), we an read the oeient.
cn(p) =
fn
p2 +Mn
2 , fn =
∫ 1/T
1/ω
ψn(z)
Jp(z)
(ωz)5
dz . (128)
Hene we obtain the solution.
Φp(z) =
∞∑
n=1
fn
p2 +Mn
2ψn(z) . (129)
This result orresponds to (65) of Se.6.
(iib) Closed form
We an also obtain the solution in the losed form using the "intermediate" solutions
ϕM(z), χM(z) (123). The solution Φp(z) of (120) an be obtained as
Φp(z) = −χM(z)
∫ z
1/ω
ϕM(ξ)
[ϕM(ξ), χM(ξ)]
Jp(ξ)
(ωξ)5
dξ − ϕM(z)
∫ 1/T
z
χM(ξ)
[ϕM(ξ), χM(ξ)]
Jp(ξ)
(ωξ)5
dξ ,
[ϕM(z), χM (z)] ≡ p(z)(ϕM (z)χM ′(z)− ϕM ′(z)χM (z)) ,(130)
where p(z) appears in (120). Beause of (d/dz)[ϕM(z), χM(z)] = 0, we an express (130)
as
[ϕM(z), χM (z)] ≡ Ω(M) ,
Φp(z) = −χM (z)
Ω(M)
∫ z
1/ω
ϕM(ξ)
Jp(ξ)
(ωξ)5
dξ − ϕM(z)
Ω(M)
∫ 1/T
z
χM(ξ)
Jp(ξ)
(ωξ)5
dξ . (131)
Let us here introdue the P/M propagator
24
Gp(z, ξ) ≡
{
− χM (z)ϕM (ξ)
[ϕM (ξ),χM (ξ)]
, 1
ω
≤ ξ ≤ z ≤ 1
T
(R2 of Fig.6)
− ϕM (z)χM (ξ)
[ϕM (ξ),χM (ξ)]
, 1
ω
≤ z ≤ ξ ≤ 1
T
(R1 of Fig.6)
(132)
where M =
√
−p2. For other regions of Fig.6, Gp is dened following the Z2-parity
property as done in Se.7. In terms of the above propagator, (131) an be written as
Φp(z) =
∫ 1/T
1/ω
Gp(z, ξ)
Jp(ξ)
(ωξ)5
dξ . (133)
The propagator (132) is the same one that is introdued in (80) of the text. Note that
Kp(z, ξ) of (99) orresponds to the lower part of (132).
24
From the result (132), we understand the appearane of the "diretion" property of the extra oordi-
nate z (or y), originates from the harateristi struture of the solution of the inhomogeneous (soure Jp
attahed) dierential equation.
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Taking into aount the expression (129) and the relation:
Jp(ξ)
(ωξ)5
=
∞∑
n=1
fnψn(ξ) , fn is dened in (128) , (134)
we an read o, from (133), the following relation between the P/M propagator and the
eigen funtions {ψn}.
Gp(z, ξ) =
∞∑
n=1
1
p2 +Mn
2
1
2
(ψn(z)ψn(ξ)− ψn(z)ψn(−ξ)) . (135)
This is the same as (65) of Se.6.
14 App. C : Behaviour of Various P/M propagators
The values for l (half period), ω (thikness) are taken as
l=π, 1/l∼0.3, ω=1, T=ω exp(−ωl) ∼ 0.04
We note the following notation used in the text.
p˜ ≡
√
p2 for p2 > 0(spae-like); pˆ ≡
√
−p2 for p2 < 0(time-like)
14.1 App. C.1 : Flat 5D Massless Salar Propagator ( Z2-parity
Even, Neumann-Neumann b..)
The behaviour of 5D massless salar propagator with Z2-parity even (P=1) is shown in
Fig.21-26. Neumann b.. is imposed for all xed points. The P/M propagator is given by
Gp(y, y
′) = K¯p(Y (y, y
′), Y ′(y, y′)) ,
K¯p(Y, Y
′) =
{
− cosh p˜Y cosh p˜(Y ′−l)
2p˜ sinh p˜l
p˜ =
√
p2 for p2 > 0
cos pˆY cos pˆ(Y ′−l)
2pˆ sin pˆl
pˆ =
√
−p2 for p2 < 0 (136)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
In this ase, the sale parameter is the periodiity parameter l only. We an haraterize
the behaviours by the momentum p˜ or pˆ in omparison with 1/l.
(A) Spae-Like
(1S) p˜  1/l , Fig.21
Upheaval and downheaval surfaes front eah other at sharp edges whih orrespond to the
singularities at y ± y′ = 0. The size of the slope is l. The boundary onstraint is strong.
This is the 'boundary phase'. The sale p does not appear in the graph.
(2S) p˜ ∼ 1/l , Fig.22
The gross shape is similar to (1S). The height dereases.
(3S) p˜  1/l , Fig.23
Valleys run along the diagonal axes. The onguration is free from the boundary onstraint.
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Figure 21: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
p˜=0.03  1/l , spae-like, App.C.1(1S). "Boundary phase".
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This is the 'dynamial phase'. The size of the valley-width is 1/p˜. In the o-diagonal
region (y± y′ 6= 0), at planes appear and the propagator takes nearly 0 there. The height
dereases furthermore.
(B) Time-Like
(1T) pˆ  1/l , Fig.24
Shape and height are similar to the spae-like ase. This is the 'boundary phase'.
(2T) pˆ ∼ 1/l , Fig.25
The absolute value of the height inreases and dereases. Shape is similar to the spae-like
ase.
(3T) pˆ  1/l , Fig.26
The wavy behaviour appears. The singularity-lines are buried in the waves. Boundary
onstraint is not eetive. This is the 'dynamial phase'. The size of the wave length is
1/pˆ.
Compared with the spae-like ase, the height does not so muh hange for the time-like
ase.
14.2 App. C.2 : Flat 5D Massless Salar Propagator (Z2-parity
Odd, Dirihlet-Neumann b..)
The behaviour of 5D massless salar at propagators with the mixed b.. are shown in
Fig.27-32. Z2-parity is taken to be odd: P=−1. Dirihlet b.. is imposed for y=0, while
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Figure 22: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
p˜=0.3 ∼ 1/l, spae-like, App.C.1(2S)
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Figure 23: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
p˜=3  1/l, spae-like, App.C.1(3S). The "dynamial phase".
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Figure 24: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
pˆ=0.03  1/l, time-like, App.C.1(1T). The "boundary phase".
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Figure 25: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
pˆ=0.3 ∼ 1/l, time-like, App.C.1(2T).
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Figure 26: Flat 5D Massless Salar Propagator ( Z2-parity even, Neumann-Neumann b..),
pˆ=1.7  1/l, time-like, App.C.1(3T).
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Neumann b.. for y=±l. The P/M propagator is given by
Gp(y, y
′) = K¯p(Y (y, y
′), Y ′(y, y′)) ,
K¯p(Y, Y
′) =
{
− sinh p˜Y cosh p˜(Y ′−l)
2p˜ cosh p˜l
p˜ =
√
p2 for p2 > 0
− sin pˆY cos pˆ(Y ′−l)
2pˆ cos pˆl
pˆ =
√
−p2 for p2 < 0 (137)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
In this ase, the sale parameter is the periodiity parameter l only. We haraterize
the behaviours by the momentum p˜ or pˆ in omparison with 1/l.
(A) Spae-Like
(1S) p˜  1/l , Fig.27
Slanted at surfaes front eah other along the diagonal lines (y±y′ = 0, the singularities).
The size of the surfae is l. Boundary onstraint is strong. This is the 'boundary phase'.
The sale p does not appear in the graph.
(2S) p˜ ∼ 1/l , Fig.28
The shape and the height are similar to (1S).
(3S) p˜  1/l , Fig.29
Walls and valleys run along the diagonal axes. The onguration is free from the boundary
onstraint. This is the 'dynamial phase'. The size of the wall (valley) thikness is 1/p.
Absolute value of the eetive height dereases.
(B) Time-Like
(1T) pˆ  1/l , Fig.30
Shape and height are similar to the spae-like ase. This is the 'boundary phase'.
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Figure 27: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
p˜=0.03  1/l , spae-like, App.C.2(1S). The "boundary phase".
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(2T) pˆ ∼ 1/l , Fig.31
The absolute value of the height inreases and dereases by hanging p within this region.
The global shape does not hange.
(3T) pˆ  1/l , Fig.32
The wavy behaviour appears. The singularity-lines are buried in the waves. Boundary
onstraint is not eetive. This is the 'dynamial phase'. The size of the wave length is
1/pˆ.
14.3 App. C.3 : z-Coordinate Representation and Warped 5D
Salar Propagator (Z2-parity odd, Dirihlet-Dirihlet b..,
spae-like 4-momentum)
We give here the P/M propagator behaviour in terms of z-oordinate. Its relation to y is
given in (46). We take 5D salar propagator with P=−1. Dirihlet b.. is imposed on all
xed points. 4D momentum is spae-like. The propagator funtion is given in (98) with
(96). It an be reexpressed as follows using the ordinary Bessel funtions and the sign
funtion.
Gp(z, z
′) = Kp(Z(z, z
′), Z ′(z, z′)) ,
Kp(Z,Z
′) =
ω3
2
Z2Z ′
2
ǫ(Z)ǫ(Z ′)×
{I0( p˜ω )K0(p˜|Z|)−K0( p˜ω )I0(p˜|Z|)}{I0( p˜T )K0(p˜|Z ′|)−K0( p˜T )I0(p˜|Z ′|)}
I0(
p˜
T
)K0(
p˜
ω
)−K0( p˜T )I0( p˜ω )
, (138)
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Figure 28: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
p˜=0.3 ∼ 1/l, spae-like, App.C.2(2S).
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Figure 29: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
p˜=3  1/l, spae-like, App.C.2(3S). The "dynamial phase".
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Figure 30: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
pˆ=0.03  1/l , time-like, App.C.2(1T). The "boundary phase".
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Figure 31: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
pˆ=0.3 ∼ 1/l, time-like, App.C.2(2T).
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Figure 32: Flat 5D Massless Salar Propagator (Z2-parity Odd, Dirihlet-Neumann b..),
pˆ=1.7  1/l, time-like, App.C.2(3T). The "dynamial phase".
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where Z(z, z′) and Z ′(z, z′) are dened in (98).
As we see the following graphs, large part of the whole image is naturally displayed.
This means the z-oordinate is more suitable than y-oordinate for the warped geometry
desription. (Compare the height-region in Se.9.2 (y-oordinate is used) and in this sub-
setion for orresponding graphs.) From the z-oordinate property, however, it is hard to
detet harateristi sales in the graphs.
The following graphs are re-drawing of those of Se.9.2. They are displayed for R¯1UR¯2
region of the (z, z′)-plane (See Fig.6).
(1S) p˜  1/l < ω , Fig.33
(2S) 1/l < p˜ ∼ ω , Fig.34
(3S) 1/l < ω < p˜ , Fig.35
If we go further larger p˜ (1/l < ω ≪ p˜), the situation is the "at (z-)spae limit" represented
by eq.(6.16) of Ref.[9℄. Compare with Fig.9.
25
25
Note that the propagator in this at limit is dierent from the at propagator given in Se.2-5 of this
paper. The present at propagator satises the free propagator equation in y-oordinate (26), whereas
eq.(6.16) of Ref.[9℄ satises that in z-oordinate (82).
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Figure 33: z-Coordinate Representation, Warped 5D Salar Propagator (Z2-parity odd,
Dirihlet-Dirihlet b.., p˜=0.005  T < 1/l <ω, spae-like, App.C.3(1S).
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Figure 34: z-Coordinate Representation, Warped 5D Salar Propagator (Z2-parity odd,
Dirihlet-Dirihlet b.., T  1/l < p˜=1=ω, spae-like, App.C.3(2S).
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Figure 35: z-Coordinate Representation, Warped 5D Salar Propagator (Z2-parity odd,
Dirihlet-Dirihlet b..), T  1/l < ω < p˜=5, spae-like, App.C.3(3S).
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14.4 App. C.4 : Warped 5D Massless Vetor (Z2-parity Even,
Neumann-Neumann b.., spae-like 4 momentum)
In the warped ase the theory has two sale parameters: thikness ω and the periodiity
parameter l. The propagator behaviour is haraterized by the relation between
√|p2|, ω
and 1/l.
In this subsetion, the 5D vetor propagator with Z2-parity even (P=1) is examined.
The Neumann b.. is imposed on all xed points. The P/M propagator is given by
Gp(y, y
′) = Kp(Y (y, y
′), Y ′(y, y′)) ,
Kp(Y, Y
′) =
1
ω
exp(k|Y |+ k|Y ′|)×
{I0( p˜ω )K1( p˜ωeω|Y |) +K0( p˜ω )I1( p˜ωeω|Y |)}{I0( p˜T )K1( p˜ωeω|Y
′|) +K0(
p˜
T
)I1(
p˜
ω
e
ω|Y ′|)}
I0(
p˜
ω
)K0(
p˜
T
)−K0( p˜ω )I0( p˜T )
, (139)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
(1S) p˜  1/l < ω , Fig.36
4 nothes appear at 4 orners. The eetive width of the noth is 1/ω. The size of the
global upheaval and downheaval is l. The boundary onstraint is dominant. This is the
"boundary phase". There is a at region around the enter (y = y′ = 0). The propagator
takes a non-zero onstant there. This means that the bulk propagation, near the Plank
brane, simply gives a ommon onstant , as the extra-spae ontribution, to the amplitude.
On the other hand, near the Tev brane (y, y′ = ±l), it gives a "sizable" eet.
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Figure 36: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..) p˜=0.005
 T∼0.04  1/l∼0.3  ω=1, spae-like., App.C.4(1S)
-2
0
2
-2
0
2
-12780
-12760
-12740
-12720
(2S) 1/l < p˜ ∼ ω , Fig.37
4 valleys develop along the diagonal axes from the orners to the enter. Their width is 1/p˜
∼ 1/ω. The at region near the enter disappears. In the o-diagonal region (y ± y′ 6= 0)
, at planes begin to appear and the propagator takes nearly 0 value there. The height
dereases.
(3S) 1/l < ω < p˜ , Fig.38
Valleys develop furthermore. The width of them is 1/p˜ near the orners and is 1/ω near
the enter. There is no boundary eet. This is the "dynamial phase". There is no at
region near the enter, whereas in the o-diagonal region there appears the at region.
The propagator value is 0 in this at region. This means the bulk propagation takes plae
only for the ase y′ ± y ∼ 0. Absolute value of the eetive height dereases rapidly as
p˜ inreases. If we take further larger p˜ (1/l < ω ≪ p˜), the situation is the "at limit".
Compare with Fig.23.
Time-like ase is given in App.C.6.
14.5 App. C.5 : z-Coordinate Representation for Warped 5D
Massless Vetor (Z2-parity Even, Neumann-Neumann b..,spae-
like)
We give here the P/M vetor (Z2-parity even, Neumann-Neumann b.., spae-like) prop-
agator behaviour in terms of z-oordinate. The propagator expression is given in (139)
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Figure 37: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..) T  1/l
< p˜=1=ω, spae-like, App.C.4(2S)
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Figure 38: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..), T 
1/l < ω < p˜=5, spae-like, App.C.4(3S).
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Figure 39: z-Coordinate Representation for Warped 5D Massless Vetor (Z2-parity Even,
Neumann-Neumann b..), p˜=0.005  T∼0.04  1/l∼0.3  k=1, spae-like, App.C.5(1S).
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using the y-oordinate. Here its z-oordinate expression is given.
Gp(z, z
′) = Kp(Z(z, z
′), Z ′(z, z′)) ,
Kp(Z,Z
′) = ω|Z||Z ′| ×
{I0( p˜ω )K1(p˜|Z|) +K0( p˜ω )I1(p˜|Z|)}{I0( p˜T )K1(p˜|Z ′|) +K0( p˜T )I1(p˜|Z ′|)}
I0(
p˜
ω
)K0(
p˜
T
)−K0( p˜ω )I0( p˜T )
, (140)
where Z(z, z′) and Z ′(z, z′) are dened in (98).
The following graphs are re-drawing of those of App.C.4 using the z-oordinate. They
are displayed for R1UR2 region of the (z, z
′)-plane (See Fig.6).
(1S) p˜  1/l < ω , Fig.39
(2S) 1/l < p˜ ∼ ω , Fig.40
(3S) 1/l < ω < p˜ , Fig.41
If we take further larger p˜, the onguration beomes the "at (z-)spae limit". Compare
with Fig.23. ( The same situation has already appeared for the salar propagator ase,
Fig.34 and Fig.35 in App.C.3. )
In the graphs of (2S) and (3S), we see, in their o-diagonal regions, the top surfaes very
gradually approah the 0-value surfae as they deviate from the diagonal axis: Gp(z, z
′) ∼
− exp(−p˜|z′ − z|). This is the "untrusted" region pointed out in ref.[9℄.
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Figure 40: z-Coordinate Representation for Warped 5D Massless Vetor (Z2-parity Even,
Neumann-Neumann b..), T  1/l < p˜=1=ω, spae-like, App.C.5(2S).
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Figure 41: z-Coordinate Representation for Warped 5D Massless Vetor (Z2-parity Even,
Neumann-Neumann b..), T  1/l < ω < p˜=5, spae-like, App.C.5(3S)
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14.6 App. C.6 : Warped 5D Massless Vetor (Z2-parity Even,
Neumann-Neumann b.., time-like 4 momentum)
Here we give the P/M propagator behaviour of the warped 5D massless vetor (Z2-parity
Even, Neumann-Neumann b.., time-like). The propagator is given by
Gp(y, y
′) = Kp(Y (y, y
′), Y ′(y, y′)) ,
Kp(Y, Y
′) = − 1
ω
exp(k|Y |+ k|Y ′|)×
{N0( pˆω )J1( pˆωeω|Y |)− J0( pˆω )N1( pˆωeω|Y |)}{N0( pˆT )J1( pˆωeω|Y
′|)− J0( pˆT )N1( pˆωeω|Y
′|)}
N0(
pˆ
ω
)J0(
pˆ
T
)− J0( pˆω )N0( pˆT )
, (141)
where Y (y, y′) and Y ′(y, y′) are dened in (39).
This is the time-like ase of App.C.4.
(1T) pˆ  1/l < ω , Fig.42
The situation is quite similar to (1S) of App.C.4.
(2T) 1/l < pˆ ∼ ω , Fig.43
Wavy behaviour appears. Two types of waves are there. One type has the small wave-
length of order 1/pˆ=1/ω, and the waves of this type gather near the 4 orners. The other
type has the long wave-length of order l, whih omes from the boundary onstraint. In
partiular, there exists a very moderate hill around the enter. The propagator takes nearly
0 value there. This is ontrasting with the spae-like ase. The overall height dereases.
(3T) 1/l < ω < pˆ , Fig.44
Two types of waves are there. One type has the small wave-length of order 1/pˆ, and the
waves of this type gather near the 4 orners and the 4 rims. Their heights dier so muh.
The other type has the long wave-length of order ω and the very low height. These waves
gather around the enter and form a slightly wavy plain. The propagator takes nearly
0 value there. This is ontrasting with the spae-like ase. The overall height dereases.
Although the sale l looks to appear as the radius of the plain around the enter, the main
onguration is free from the boundary eet. This is the "dynamial phase". When pˆ
beomes further larger, the onguration approahes a "at limit". It diers from the at
result, Fig.26.
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Figure 42: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..), pˆ=0.005
 T∼0.04  1/l∼0.3  ω=1, time-like. App.C.6(1T).
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Figure 43: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..), T∼0.04
 1/l∼0.3 < pˆ= ω=1, time-like. App.C.6(2T).
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Figure 44: Warped 5D Massless Vetor (Z2-parity Even, Neumann-Neumann b..), T∼0.04
 1/l∼0.3 < ω=1  pˆ=10, time-like. App.C.6(3T).
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